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ABSTRACT. A graph G is called a fractional (g, f,n’, m)-critical deleted graph
if after deleting any n’ vertices from G, the resulting graph admits a fractional
(g, f,m)-deleted graph. A graph G is called a fractional ID-(g, f, m)-deleted if
after deleting any independent set I from G, the resulting graph admits a
fractional (g, f, m)-deleted graph. In this paper, we improve independent set
conditions for a graph to be fractional (g, f,n’,m)-critical deleted and
fractional ID-(g, f, m)-deleted. Furthermore, we present some examples to
show the sharpness of given independent set bounds.

Key words: graph, fractional (g, f)-factor, fractional (g, f,n’, m)-critical
deleted graph, fractional ID-(g, f, m)-deleted graph

Mathematics Subject classification 2010: 05C70.

1. INTRODUCTION

In computer network, the fractional factor theory is used to test the feasibility of
data transmission, and thus raises great attention from researchers. The purpose
of this paper is to consider the data transmission problem from graph theory point
of view, and only simple graphs are considered here. Let G = (V(G), E(G)) be
a graph with its vertex set V(G) and its edge set E(G), and n = |V(G)| is the
order of graph. Set eg(S,T) = |{e = wv : v € S,v € T}| for any non-disjoint
S,T C V(G). The standard notations and terminologies in this paper can be
referred to Bondy and Murty [1].
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Let g and f be two integer-valued functions defined on vertex set satisfying
0 < g(z) < f(z) for any = € V(G). A fractional (g, f)-factor is a real function

h : E — [0,1] meet g(z) < > h(e) < f(x) for each vertex x. A fractional
e€cE(x)
f-factor is a special case of fractional (g, f)-factor if g(z) = f(x); a fractional

[a, b]-factor if g(x) = a, f(x) = b; a fractional k-factor if g(x) = f(z) = k for
arbitrarily x € V(G), respectively.

There are different names of graph in the different setting: fractional
(g, f,m)-deleted graph (still has a fractional (g, f)-factor after deleting any m
edges); fractional (g, f,n')-critical graph (still has a fractional (g, f)-factor after
deleting any n' vertices); fractional (g, f,n', m)-critical deleted graph (still a
fractional (g, f, m)-deleted graph after removing any n’ vertices from G). And,
the corresponding fractional [a,b]-, f- and k- graphs can be well defined. In
particular, if the deleted vertex set is an independent set, then it called fractional
ID-(g, f, m)-deleted graph (if G — I is a fractional (g, f, m)-deleted graph for any
independent set I of G), and the corresponding fractional ID-(f,m)-deleted
graph, fractional ID-(a,b, m)-deleted graph and fractional ID-(k,m)-deleted
graph can be well defined. Some results on sufficient conditions for the existence
of fractional factor can be referred to Gao and Wang [6] and [7], Wu et al. [§]
and 9], and Zhou et al. |10], [11], [12], [13], [14] and [15].

Our main results are stated as follows which extend the previous results
manifested in Gao et al. [3], [4] and [5]. The sharpness of the bounds will be
presented in Section [3] and the detailed proofs will be presented in the next

section.

Theorem 1.1. Let G be a graph of order n. Let a,b,n’,m,A be five integers with
i1>2,2<a<b—Aandn’ ,m A >0. Let g, be two integer-valued functions
defined on V(G) such that a < g(z) < f(x) = A <b— A for each x € V(G). If

5(G) > bO-A)=1) gy s @ED(EbE2MA =D O-R) o

= at+A a+A
b—A)n+ (a+ A’
max{dg(71), dg(z2), -+ ,da(r:)} > ( ) a—|—<b )

for any independent subset {xi,xza, -+ ,x;} of V(G), then G is a fractional

(g, f,m',m)-critical deleted graph.
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Theorem 1.2. Let G be a graph of order n. Let a,b,n’,m,A be five integers with
1>2,2<a<b—Aandn';m,A>0. Let g, f be two integer-valued functions
defined on V(G) such that a < g(z) < f(z) — A <b— A for each x € V(G). If

I(G) > o= A= 1) +n' +m, n> (a+b)i(a+?)+2m—2) +n', and
a+ A a+ A
(b—An+ (a+ A)n/

|NG'($1) U Ng($2) J---uU NG($Z)| 2

a+b
for any independent subset {xi,xo,--- ,x;} of V(G), then G is a fractional
(g, f,n',m)-critical deleted graph.

Set n’ = 0 in Theorem [1.1] and Theorem [1.2] then the above two conclusions
become Theorem 1 and Theorem 2 in Gao et al. [3] which reveal the independent

set conditions for fractional (g, f, m)-deleted graphs.

Corollary 1.3. Let G be a graph of order n. Let a,b,m,A be five integers with
1>2,2<a<b—Aandm,A >0. Let g, [ be two integer-valued functions
defined on V(G) such that a < g(z) < f(x) = A <b— A for each x € V(G). If

R U e S () [ B Y e [ ) S
: A :

- a+ A
(b—A)n
a+b

max{dg(x1),dg(xa), -+ ,dg(x;)} >

for any independent subset {x1,xa,- -, 2} of V(G), then G is a fractional
(g, f,m)-deleted graph.

Corollary 1.4. Let G be a graph of order n. Let a,b,m,/ be five integers with
12>2,2<a<b-—Aandm,A>0. Let g, f be two integer-valued functions

defined on V(G) such that a < g(z) < f(x) = A <b— A for each x € V(G). If
5(G) > b(b—A)(i—1) tm,n > (a+b)(z(a+b)+2m—2)7 o
a+ A a+ A

(b—A)n
N, U N U---UNg(z;)| > ———
|Ng (1) c(x2) alzi)| = a+b
for any independent subset {xi,zo, -+ ,x;} of V(G), then G is a fractional

(g, f,m)-deleted graph.
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Taking m = 0 in Theorem and Theorem [1.2] we obtain the corresponding
independent set conditions for fractional (g, f,n’)-critical graphs. Furthermore,
by setting g(x) = a and f(x) = b, the corresponding independent set conditions
for fractional (a,b,n’, m)-critical deleted graphs are analyzed. We don’t list these
corollaries one by one. Moreover, we don’t consider the setting in g(z) = f(z)
for each z € V(G) due to the corresponding conclusions on A = 0 are already
manifested in other published papers.

When it comes to fractional fractional ID-(g, f, m)-deleted graph setting, we
determine the following two theorems on independent set degree condition and

independent set neighborhood union condition, respectively.

Theorem 1.5. Let G be a graph of order n. Let a,b,m,A be five integers with
1>2,2<a<b—Aandm,A > 0. Let g, f be two integer-valued functions defined
on V(G) such that a < g(x) < f(z) — A <b— A for each x € V(G). If 6(G) >

(a+A)n  bb—A)(i-1) . (2a+b)(a+b+2m—14 (i —2)(b—A))

2@"‘A+b a/+A ) a_'_A 7
and
a—+bn
max{dg(1), de(x2), -+ de(2:)} > ﬁ

for any independent subset {xi,xz9, -+ ,x;} of V(G), then G is a fractional
ID-(g, f,m)-deleted graph.

Theorem 1.6. Let G be a graph of order n, and let a,b, 1, m, A be five nonnegative
(2a +b)(i(a + b) +2m — 2)
a+ A

integers with 1 > 2,2 <a<b—A, n> and 6(G) >

(a+A)n  bb—A)i—1)
20+ A+ a+A
on V(G) such that a < g(x) < f(z) — A <b—A for each x € V(G). If G satisfies

a+b)n
[No(a1) U No(2) U+ - U No(a:)| = ﬁ

+m. Let g, f be two integer-valued functions defined

for any independent subset {xi,z9, -+ ,x;} of V(G), then G is a fractional
ID-(g, f,m)-deleted graph.
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The corresponding sufficient conditions for fractional ID-(g, f)-factor-critical
graphs can be yield by setting m = 0 in Theorem and Theorem [1.6]
respectively. In particular, in the case g(z) = a and f(x) = b for each x € V(G),
the independent set conditions for fractional ID-(a,b, m)-deleted graph can be
derived. Other setting regard A = 0 are not considered in this paper.

Proof of our main results mainly depended on the following lemma which present
the necessary and sufficient condition of a graph to be fractional (g, f,n’, m)-critical

deleted.

Lemma 1.7. (Gao [2]) Let G be a graph, g, f be two integer-valued functions
defined on V(G) such that g(x) < f(x) for each x € V(G). Letn', m be two
non-negative integers. Then G is fractional (g, f,n', m)-critical deleted graph if

and only if

f(S) — g(T) + dG_S(T) Z max ZdH — €H T S)}

UCS,|U|=n/, HCE(G—U),|H|=m =
x

for all disjoint subsets S, T of V(G) with |S| > n'.

By taking n’ = 0 in Lemma[l.7, we deduce the necessary and sufficient condition
of a graph to be fractional (g, f, m)-deleted which will be used to explain the
sharpness of Theorem [1.5] and Theorem

Lemma 1.8. Let G be a graph, g, f be two integer-valued functions defined on
V(G) such that g(z) < f(x) for each x € V(G). Let m be two non-negative
integers. Then G is a fractional (g, f,m)-deleted graph if and only if

f(S) = g(T) +dg-s(T) >  max ZdH ) —en(T,S)}

HCE(G),|H|=m

for all disjoint subsets S, T of V(Q).

2. PROOF OF MAIN RESULTS

The purpose of this section is to present the detailed proofing procedures of
four results manifested in last section. The tricks used in this section are mainly

followed by Gao et al. [3], [4] and [5].
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2.1. PROOF OF THEOREM [L.1]

Assume that G satisfies the conditions of the Theorem [I.1], but it’s not a fractional
(g, f,m',m)-critical deleted graph. By Lemmaand Y dy(x)—ey(T,S) < 2m,

zeT
there exist disjoint subsets S and T" of V(G) satisfying

(a+A) (S| =n")+de—s(T) = (b=A)[T| < f(S=U)+de-s(T)—g(T) < 2m—1, (1)

where |S| > n' = |U|. We select subsets S and T such that |T'| is minimal.
Obviously, T'# () and dg_s(z) < g(z) —1<b—A—1forany z € T.

Let d; = min{dg_g(x)|z € T} and select x; € T with dg_g(z1) = dy. If 2 > 2
and T'\ (UiZ{ Np[z;]) # 0, let

d. = min{dg_s(z)|r € T\ (Ui} Nrlz;))}

and select z, € T\(UJZ;%NT [z;]) with dg_g(x,) = d.. Thus, it generates a sequence
with 0 < dy <dy <--- <d; <g(x) —1 <b—A—1 and an independent set
{z1,29, -+ J2,} CT.

claim 2.1. |T| > (i—1)b+ 1.

b(b—A)(i—1) n

Proof. Suppose |T'| < (i—1)b. Then |S|+dy > dg(z1) > 0(G) > TIA

n' +m. According to (1)) and 0 < d; <b— A — 1, we get

2m—1 > (a+A)(|S| ') +dg_s(T) - (b— A)|T|
> (a+A)(S| ')+ d|T| - (b— A)[T]

= (a+A)(|S]=n") + (dr + A =b)|T|

b(b—A)(1—1) .
> A - A—Db)(i—1
> (a+A) TIA di +m) + (dy + b)(i —1)b
> 2m.
This produces a contradiction. O

Since dg_s(x) <b—A —1and |T| > (i — 1)b+ 1, we obtain = > i. Hence, we
can select an independent set {xy,z9,- -+ ,2;} CT.
In light of independent set neighborhood union condition described in the

theorem, we infer
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(b—A)n+ (a+ A)n/

< max{dg(x1),dg(z2), -+ ,da(z;)} < |S|+d;

a-+b
and
5] > (b—An+(a+A)n" a. @)
a+b
Since
[Nplzj]] = [Nr[z,) 0 (W2 Ne[ea])] > 1,5 = 2,3+ i = 1
and
J J J
| ULy Np[zo)] < ) INp[ee]] <) (daos(a) +1) = (da+1),5=1,2,--- i,
2=1 z=1 Z=1
we deduce

f(S=U)+da_s(T)—g(T)
>(a+ A)(IS| = n') = (b — A)|T| + dy|Nr[z1]]
+ da(|Nr[xs]| — [Nr[ze] N Nrp[z:4]]) + - -

+di1 (INr[zia]l = [Nrlzia] N (U Nr[z)]) + di(| 7] = [(UZiNr[a;]DI)

i—1 i—1
>(a+ A)(|S| = n') + (di — di)|Nrlz]] + Zdj +(di+A=0)T|—d; Z | Np[z;]|
j=2 j=2
i—1 i—1
=(a+ A)(|S| —n')+ (di —di)(d1 + 1) + Zdj +(di + A =b)|T| —d; Z(dj +1)
j=2 j=2
i—1 i—1
= (a+A)(|S|—n)+di+ > di+ (di+ A=D)|T| —d; Y (d;+1),
j=1 =1

which implies
(n—[S]=|T)(b— A —d;)

> f(S=U)+dg-s(T)—g(T) —2m+1

i—1 i—1
> (a+A)(|S| —n)+ A+ di+ (di+ A=b)T|—di Y (dj+1) —2m + 1.
j=1 j=1
Equivalently,
i—1 i—1

0 < n(b—A—di)—(at+b—d;)|S|+d; Y d;j—>  dj+di(i—1)—di+(a+A)n'+2m—1. (3)
j=1 j=1
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Bymeansof, ,d1§d2§~~-§di§b—A—1and
(a+b)a+b+2m—14 (i —2)(b—A))

n > +n', we have
a+ A
(b—A)n+(a+ A)n
0<n(b—A—d;)— (a+b—d;)( 5 +dZd Zdj

+di(i—1) —di + (a+ A +2m — 1

i1
(a+A)n o2 2 (a +A)d; ,
G Tla+bd; di+dz;d Zd (i = 1) —di 4 2m -
i—1
(a+ A)n 9
== idy —di — i—1 d;
oo it (didi —di—di) + (d )]z:;j
A)d;
+d¢(a+b+i—1)—d?+un/+2m—1
a+b
i—1
(a—i—A)n di—l di—l di—12
< _ =g ) _ _ 1 )
< - i (4 s~ (G5 )+ (d );dz
A)d;
+di(a+b+i—1)—d§+un'+2m—1
a+b
(a4 A)n 11 1. 3 (a+A)d ,
> di + (i 4)dl+dz(a—i—b+2) it oy v Tm
A)n 1 A)d;
Ifdi>0,then0<—ud —i—(z——)dQ—i—d(a—i-b—i— ) — é—l-un’—i&mgo
a+b 27 4 a+b

(a+b)(a+b+2m+(a+A)n—1+(2—2)( A))

since n >
a+ A

and 2m(1 —d;) <0, a
contradiction.

If di = 0, then dg = -+ = d; = 0. In view of , we get we get
(b—An+ (a+ A)n’ (a+A)n—(a+ A)n/

|S| > and [T < n—|5] < . By means of
a+b a+b
dG*S(T) > Z dH(x) - GG(T, S)a we yield
zeT
f(S=U)+da-s(T — () du(x) - ea(T,S))
zeT
AN A)n/ A)n — A)n/
a+b a+b
dG S Zd}{ +6G T S))
zeT
> 0,

is also a contradiction.

Therefore, the desired theorem is proved. O
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2.2. PROOF OF THEOREM

On the contrary, assume that G satisfies the conditions of the Theorem [I.2] but it’s not a
fractional (g, f,n/, m)-critical deleted graph. By Lemma and Y dy(z)—en(T,5) <

zeT
2m, there exist disjoint subsets S and T' of V(G) satisfying

(a+A)(IS] =) +da-s(T) = (b= A)|T| < f(S = U) +da-s(T) = g(T) < 2m—1, (4)

where |S| > n’. We select subsets S and T such that |T'| is minimal. Obviously, 7" # ()
and dg_s(z) < g(x) —1<b—A—1for any z € T.
Let di = min{dg_g(z)|x € T} and select 1 € T with dg_g(z1) = d;. If z > 2 and
T\ (UiZ IN7[x;]) # 0, let
d. = min{dg_s(z)lz € T\ (U1 Nrlz;])}

and select . € T'\ (U;Z IN7[x;]) with dg_s(z,) = d,. Thus, it generates a sequence with
0<d; <dy<---<dp<g(x)—1<b—A-1and an independent set {x1,z2, -, 27} C
T. Using the trick as depicted in the proofing of Theorem [L.1] we infer |T'| > (i —1)b+1.
Since dg_g(z) <b—A —1and |T| > (i —1)b+ 1, we obtain 7 > i. Hence, we can select
an independent set {x1,z2, -+ ,z;} CT.

In light of independent set neighborhood union condition described in the theorem,

we infer
b—An+ (a+ A)n/ ;
( )a+(b M. < |No(a1) U Na(a) U+~ U No(a)| <151+ 3 d;
j=1
and
’S|2( —A)n+(a+A)n Zd (5)

a+b

Using the same fashion, we have
i—1 i—1
0< n(b—A—di)—(a—Fb—di)‘S’—Fdi Z dj—z d; —|—dz~(z’—1)—d%+(a+A)n'+2m—1. (6)
j=1 j=1

(a+0b)(i(a+b) +2m — 2)+

Bymeansof,(i%l},dl <dy <---<d; <b—A-1landn >
a+ A

n/, we have

b— A+ (a+ A i i—1 i—1
0 <n(b— A —dy) — (a+b—di)(* V;Jg n Ndy+diY d; -y d;
7=1 =1 j=1

+di(i — 1) —d? + (a+ A’ +2m — 1
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7 % i—1 i—1
(a+ A)n
= di+(a+b);dj—di;dj+di;dj—;dj

A /
+di(i—1)—df+diu+2m—l
a—+b
i—1
(a+ A)n 2
]:
A /
+di(a+b+i—1)—df+di(a++b)n+2m—1
i—1
(a4 A)n ‘ ‘ 4
<= dz+(a+b—1)dz+(a+b—1)§dl
A /
+di(a+b+z’—1)—df+di(a++b)n+2m—1
A A)n!
:—Mdi—i-i(a—kb)di—d?—i-diu—i-Qm—l
a+b a+b
A A)n/
If d; > 0, then0<—Wdi—l—i(a—i—b)di—dg—l—diw—|—2m—1§OSince

S (a+0b)(i(a+b) +2m — 2)

+n’ and 2m(1 — d;) < 0, a contradiction.

a+ A
- A A)n/
Ifd; =0, then d; = --- = d; = 0. In view of ,Weget S| > (b )”1(g‘+ i
a
A)n — A)n/
and |T] < n—|5] < (at&)n +(ba+ )n By means of dg_s(T) > > du(z) —
a zeT

eq(T,S), we yield

f(S—U)+dg_s(T — () du(x) - ea(T,S5))
zeT
b— A A)n/ A)n — A)n/
a+b a+b
dG S Z dH + €G T S))
zeT
> 0,
is also a contradiction.
Therefore, the desired theorem is proved. O

2.3. PROOF OF THEOREM AND

Here we only present the proof of Theorem and the proof of Theorem can be

done by using the similar techniques.
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Set G’ = G — I for any independent set I. If |I| = 1, then
2a + b)(i(a + b) 4+ 2m — 2) (a+b)(i(a+b) +2m — 2)
—-1>
a+ A a+ A
b(b— A)(i —1)
a+ A

. It’s not hard

V@) > |

to verify that 0(G') > + m and |Ng/(x1) U Ngr(22) U -+ - U Ner ()]

bV (G b(n—1
> ’a —(l—Gb)’ = (:+ b) for any independent subset {x1,z2, - ,2;} of G'. Thus, the

result holds from Corollary

We now discuss the case |I| > 2. By means of independent set neighborhood union
(a+b)n - (a+0b)(i(a+b) +2m — 2)
a+b+ A a+ A
(b —A)V(GE)]
+b
(a+b)(V(E)] + 1))
2a+b+ A
a+b a+b (a+A)n  (a+Dd)n
et A S T A b A Zatbe A

condition, we derive |V(G')| > 5 . If [Ngr(z1) U

Ngr(x2)U- - -UNgr (x;)| < for some independent subset {x1, xo, - ,x;} of

(- AV(E)
a+b

V(G'), then < [Ng(z1)UNg(z2) U - -UNg(z:)| <

1], ie., [V(G")] < It contradicts | Ng(z1)U

Ng(z2)U---UNg(x;)| > m for any independent subset {z1, 1‘2;' : ,xi}, of V(QG)
h—
and |I| >2. Therefore, we have |Ng/(z1)UNg/ (z9)U- - -UNgr ()| > ()lVb(GN for all
a
b(b—A)(i—1
independent subset {1, x2, -+ ,2;} in G'. Furthermore, we infer §(G") > M—i—
a
(a4 A)n (a+A)n  bb-A)(i—1)

by [[| < —+—"— dé > . At last, th It
myH_2a+b+Aan (G)_2a+b+A a +m ast, the resu
follows from Corollary
In all, Theorem is hold. O

3. SHARPNESS

The aim of this section is to present that the independent set results in Theorem

1.1 are tight.
Theorem and Theorem are best possible, in some extent, on the conditions.

Actually, we can construct some graphs such that the independent set degree condition

in  Theorem can’t be replaced by max{dg(x1),dg(z2), - ,da(zi)}
- (b—A)n+ (a+ A)n/
- a+b
Theorem can’t be replaced by |Ng(z1) U Ng(xz) U --- U Ng(x;)| >
(b—A)n+ (a+ A)n/
a+b a

— 1, and the independent set neighborhood union condition in

1.
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Let b = a+ A, G1 = Kjg+y be a complete graph, Go = (ibt + 1)K; be a graph
consisting of ibt+ 1 isolated vertices, and G = GV Ga, where t is sufficiently large. Then
n = |G1|+|G2| = i(a+b)t+n'+1, and for any independent set {x1, 22, -+ ,2;} C V(Ga2),

we get

b— A+ (a+ A)n’ ) b— A+ (a+ A)n’

( ) a—i-(b LIS max{dg (1), d¢(z2), -, da(zi)} = iat +n' > ( )a+(b Lo 1,
_ / _ /

(b= A+ (@t BT N (21) U Ne(2) U -+~ U Neg(ei)| = dat + o > OBt et &t

atb ath
Let S =V(G1), T = V(G3), g(x) =a and f(x) =b=a+ A for any z € V(G). Then
fS\U) —g(T) +da—s(T) — (> du(z) —eu(T,S)) = biat — a(ibt + 1) = —a < 0 for
any U C S and |U| =n/. Henceg,ceGT is not a fractional (g, f,n’, m)-critical deleted graph
according to Lemma
Next, we show that Theorem and Theorem are best possible, i.e.,
independent set degree condition can’t be replaced by max{dg(z1),dg(x2), - ,dc(z;)}
(a+b)n

2 et ALh 1, and independent set neighborhood union condition can’t be replaced

(a+b)n
N, N, o UNg(z)| > 22" g
by |[Ng(z1) U Ng(w2) U -+ U G<$)"2a+A+b

Considering a graph G = (bt + 1)K V K4 V (bt + 1) K5, where t is a sufficiently large
positive integer. Clearly, n = (2b+ a)t + 2. Let g(z) = a and f(x) = b= a + A for all
x € V(G). We have

(a+b)n N (a+b)n
St bt A > max{dg(z1),dg(x2), - ,dg(x;)} = (a+b)t +1 > Mt bLA 1

(a+b)n N (a+0b)n
2a—|—b+A > |NG(.§U1)UNG((L‘2)U UNG(SCZ)| —(a+b)t+1 > m*

for any independent subset {x1,x9, - ,x;} of V(G).
Let I = (bt+1)K;. For G’ = Kot V (bt + 1)Ky, let S = K4 and T = (bt + 1) K;. Then

we have > dy(z) — ey (T,S) = 0 for any subset H of E(G’) with m edges. Therefore,
€T

() = 9(T) +der—s(T) = (D _ du(x) — eu(T, S)) = blat) — a(bt + 1)
zeT

= —a.

Hence, by Lemma G’ is not a fractional (g, f, m)-deleted graph. In conclusion, G is
not a fractional ID-(g, f, m)-deleted graph.
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4. MORE REMARKS

If we allow @ = 1 in theorems, it is found that the minimal degree condition should be
strengthened in order to meet the same independent set conditions. Specifically, using

the proofing processers, we can obtain the following result.

Theorem 4.1. Let G be a graph of order n. Let a,b,n’,m,A be five integers with
i>21<a<b—Aandn',mA > 0. Let g,f be two integer-valued functions
defined on V(G) such that a < g(z) < f(z) — A < b— A for each z € V(G). If

b(b— A)(i — 1) (a4 b)atbim—14(i—2)b-A)
S T A o

+n' +2m, n >

and
(b—A)n+ (a+ A/
a+b

max{dg(z1),dg(z2),--- ,da(x;)} >

for any independent subset {x1,x2,---,x;} of V(G), then G is a fractional
(g, f,m',m)-critical deleted graph.

Theorem 4.2. Let G be a graph of order n. Let a,b,n’,m,A be five integers with
1>2,1<a<b-—Aandn',mA > 0. Let g, f be two integer-valued functions
defined on V(G) such that a < g(z) < f(z) — A < b— A for each x € V(G). If

J— ._ . . /
§(G) = M—i—n’—ka, n > (a +b)(i(a+b) +2m—2) + (a+ A)n , and
a+A a+ A
b—A)n+ (a+A)n
[Ne(21) U Ng(22) U -+ U Ng ()] = ( )7; +(; n

for any independent subset {x1,x2,---,x;} of V(G), then G is a fractional
(g, f,n',m)-critical deleted graph.

Theorem 4.3. Let G be a graph of order n. Let a,b,m, /A be five integers with i > 2,
1<a<b—Aand m,A>0. Let g, f be two integer-valued functions defined on V(Q)

(a+ A)n
< < - < b - . > -
such that a < g(z) < f(z) — A < b— A for each x € V(G). If §(G) > 2+ A+b
M=) =1) 4y, s Batblatbtdm=1+G=2)b=4)
a+ A a+A
+b
max{dg(z1),dc(22), -+ ,da(w:)} > M)

for any independent subset {x1,x2,---,x;} of V(G), then G is a fractional
ID-(g, f,m)-deleted graph.
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Theorem 4.4. Let G be a graph of order n, and let a,b,i,m,A be five nonnegative
(2a +b)(i(a+b) +2m — 2)
a+ A

integers with i > 2, 1 < a < b—A, n >
(a+A);n  bb—A)i—1)
20+ A+0b a+ A

V(G) such that a < g(x) < f(z) — A <b— A for each x € V(G). If G satisfies

and §(G) >

+2m. Let g, f be two integer-valued functions defined on

(a+b)n
N, N, - UN, )|z

for any independent subset {x1,x2,---,x;} of V(G), then G is a fractional
ID-(g, f,m)-deleted graph.

Again, the examples presented in Section [3]also show that the independent set degree

and neighborhood union conditions are best possible.
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