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ABSTRACT. This article is an attempt to study the class of impulsive vector
partial functional differential equations with continuous distributed deviating
arguments. The main aim of this paper is to present some sufficient conditions
for the H-oscillation of solutions, using impulsive differential inequalities and
an averaging technique with two different boundary conditions. Our main
results are point up with a suitable example.
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1. INTRODUCTION

Impulsive differential equations arise in many biological, chemical, physical
systems and electrical networks. They appear in these systems as a natural
description of observed evolution phenomena, in several real world problems.
The theory of impulsive differential equations is much richer than the
corresponding theory of differential equations without impulse effects and has
many real world applications, since many models involve forces acting abruptly,
almost instantly, and at different times. The theory of impulsive differential
equations has its origins in Mil'man and Mishkys paper, in [17].
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Early work on the oscillation theory of impulsive differential equations appeared
in 1989 [6]. The first paper on impulsive partial differential equations [4] was
published in 1991. Following these early results, several authors worked on the
oscillatory behavior of impulsive partial differential equations with delays [5l [13]
14, [15], 16], 241 25|, 26], 30, [31]

In 1970, Domslak introduced the concept of H-oscillation to study the oscillation
of the solutions of vector differential equations, where H is a unit vector in RM. We
refer the reader to [2, B, [§] for vector ordinary differential equations, [12] (18], 19,
20), 211, 23] for vector partial differential equations and [I1], 22] for impulsive vector
partial differential equations. For the essential background on the oscillation theory
of differential equations, we refer the reader to the monographs [11 10} 27, 28] 29, [32]
and the references cited therein. There has been very little work on the study of
impulsive vector partial differential equations with functional arguments. This
scarcity has been the motivation that has led us to attempt to initiate a research
effort and make some progress, in the study of impulsive nonlinear vector partial
differential equations with continuous distributed deviating arguments.

In this paper, we consider impulsive nonlinear neutral delay vector partial

differential equations with damping term of the form
(0
ot

d
4 / 4(z, 1, U (. 7(t, €))dn(C) = a(t) AU (x. 1)

[p(t) 57 U, 0) + 90U (. )] +7(0) s (U 1) + 90U e p(0)

+/1MLQAU@ﬁ@@»m@)+F@JL for t #t;

Uz, t]) = a; (x,t;,U(x,t5)),

U (x,t]) ) (as . oU (x,t;)
- Y » Y]

f t=t;, j=1,2,-
at at ) Y or 7 ] )~ )

and (z,t) € A xRy =G,

\

where € is a bounded domain in R with a piecewise smooth boundary 99 and A
is the Laplacian in the Euclidean space RY. Moreover, we consider the following

boundary conditions:
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(%U(:z:,t) + (e, OU(2,t) =0, (2,1) € 02 x R, (2)

U(z,t) =0, (x,t) €00 xRy (3)
where 7 is the outward unit normal vector to 0, u(z,t) € C (092 x R, ,R,) and
R+ = [O, +OO)

Next, we present the following set of conditions which we assume to hold,

throughout the paper.
(Hy) r(t) € CRLR), p{t) € C'(Ry(0,+00) with p/(t) > 0,

oL = 400, where = ex tM S an
0 P(s)ds = +4o00, wh P(t) p (/to 05) d ), d
g(t) € C*(Ry x [c,d],Ry).

(

(Hy) q(z,t,¢() € C(Gx[ed,Ry), Q¢ = ming(z,t,¢), 7(t,Q),
(
(

0(t,¢)e C(Ry X [¢,d],R), 7(t,¢) < t, O(t,¢) <t for ¢ € [e,d], T(t,() and
0(t, () are non-decreasing with respect to ¢ and ( respectively and

lim inf t = liminf 68(¢t = .
t—)—i—lgl,lgle[c,d}T(’C> t—>—|—1<gl,lgne[c,d} (t,¢) = +o0

There exists a function o(t) € C'(R,,R,) satisfying o(¢) < 7(¢,¢), with
o'(t) > 0 and tEerooa(t) = +o00.

(Hsz) a(t,¢) € C(R; x [¢,d],R), a(t) € PC(R;,R,), where PC denotes the
class of functions which are piecewise continuous in ¢ with discontinuities
of the first kind, only at ¢ = t;, ;7 = 1,2,---, and left continuous at
t=t;, j=1,2,-.

(Hy) p(t) € C(RL,R), tginoop(t) = 400, 1(¢) : [e,d] — R is nondecreasing,
integral of is a Stieltjes integral, F € C(G,RM), fy(x,t) € C(G,R)
and [, fu(x,t)dz < 0.

(Hs) All the components of U(z,t) and its derivative 2U(x,t) are piecewise

continuous in ¢ with discontinuities of the first kind, only at t = ¢;, j =

1,2,---, and left continuous at t = ¢,
B _ 0 0 N
U([L’,t]‘) = U(.’E,tj ), @U([L’,t]) = aU(Q?,t] ), ] = 1,2,"' .
(Hg) a;, bj € PC(G x R,R) for j = 1,2,---, and there exist constants

aj, a, B, B; such that for j =1,2,---,
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oU (z,t;)
b <93>tj7 Tj)
90 ,)

ot

In Section 2, we present the definitions and introduce the notation we will use
through the paper. In Section 3, we discuss the H-oscillation of problem —.
In Section 4, we discuss the H-oscillation of problem -. In Section 5 we

ot < a; (xatﬁU(x?t]')) < o,
U(l‘,t]’)

B <

< B;.

J

present an example to point up the main result.

2. PRELIMINARIES

In this section, we present some definitions and review some noteworthy results,

from the literature which we will use throughout the paper.

Definition 2.1 (See [32]). By a solution of (1)-[)/(3)/ we mean a function
Uz, t) € C2(Q x [ty, +00), RM)NCH(Q x [t;, +00), RM) which satisfies (1)), where
t; := min {(), min [ian(t,()], {%Izlgp(t)}} and 1 = min{O, min {infT(t,C)}}.

1<i<m Lt=0 cele,d) L0

Now based on this definition of a solution, we can precisely define what we mean

by H-oscillation.

Definition 2.2 (See [32]). Let H be a fized unit vector in RM. A solution U(x,t)
of is said to be H-oscillatory in G if the inner product (U(x,t), H) has a zero

in Q X [t,+00) fort > 0. Otherwise it is a H-nonoscillatory.
Next, we state two results which will help us establish our results.

Lemma 2.3 (See [0]). If X and Y are nonnegative, then
X=XV (5 -1)Y° >0, if §>1
X0 —5XY L —(1-6Y°<0, if 0<d<l1.

In both cases, the equality holds, if and only if X =Y. It is known [28] that the
first eigenvalue Ay of the problem
Av(z)+dv(z) = 0 in Q
v(x) =0 on 00
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is positive and the corresponding eigenfunction p(x) is positive in Q.

For convenience, we introduce the following notations:
wale ) =0, ), G0 = [ Q.m0
Vi (t) —ﬁ /Q ug(z,t)dr, Vi(t) = K, /Q up (z, t)p(z)dz
where go = 1= g(7(t,0)), |9 = [y dz, K, = ([, p(x)dz)

3. H-OSCILLATIONS OF -

In this section, we establish sufficient conditions for the H-oscillation of all

solutions of —.

Lemma 3.1. Let H be a fized unit vector in RM and U(x,t) be a solution of .

(1) Ifug(z,t) is eventually positive, then uy(x,t) satisfies the scalar impulsive

partial differential inequality

(2 ()2 a0 + 0yt o))

Jr?“(t)2 (un (2, 1) + g(t)un(z, p(t))) + / Q(t, Qu (i, (£, €))dn(C)

ot
d
—a(t)Aug(z,1) —/ a(t, Q) Augy(z,0(t,C))dn(C) < fu(z,t), t#1;
. ug(x, th) i} uhy (2, 1) .
\ aj\m\ap /Bj <u’H(—:E,t]j)<ﬁj’ J=12,---

(4)

(i) Ifug(z,t) is eventually negative, then ug(z,t) satisfies the scalar impulsive

partial differential inequality

(55 (405 (wule0) + gty pt0)) ) d
(05 (. t) + 9O, p(0)) + [ Qe Qunle (2. C))dn(@)
_a(t)AuH(m7 t) - / a(ta Q)AUH(xa 9<t7 C))dn(C> > fH(fE, t)? t 7£ tj
Oﬁ/w>%’ 5%>M>ﬁj’ j=1,2,---.

L7 7 up(w,ty) Iy (2, ty)

Proof. (i) Let uy(x,t) be eventually positive.
Case:(i) t #t;, j =1,2,---. Taking the inner product of and H, we get

(5)
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9 (b) 2 (UL 1), ) + 9(0) U, plt)), H))
d
Frlt) o (UG, 1), H) + 90 (Ul +/qm< (2, 7(1,), Hydn(<)
= a() AU, 1), H) + /(N)(@WOME()(@ﬁﬁ%

that is

%(p(t)% (ur (2, t) + g(t)ur (=, p(t))) )

d
+4<w§%(ucht>+-gaouHca;xw>>+l/'q@at&ﬁuﬂtuv(u<»dn«3 (6)
= a(t)Aug(x,t) + [ alt, () Dug (w,0(¢,O))dn(¢) + fu(a, ).

Using condition (H3), we have

d
‘/ a(, t, Qurr(, 7(¢,O))dn(C /‘@tcmﬂxﬂtommo (7)

From @ and , it follows that

%( (t )gt (up(2,) + g(t)um(z, p(t ))))

rl0) o .0+ g0, o) + [ Q. Ol 7))

—a(t)Dup(w,1) = [ alt, ) Aup (x,0(t,))dn(C) < fulw,t), t #1;.
Case:(ii) t =1t;, j =1,2,---. Taking the inner product of and H, and using
(Hg), we obtain

i} U(m,tj) . U’(x,t;")
US Ul S IS G S0
. (UGt H) g Wt)) H)
S W) S S Wy m) S
that is
7 ’U/H(a'/"t]) ~X VRl i ~X u/]{(x’t]) X VEI bl bl

Therefore, combining and @ we immediately obtain , which shows that
up(z,t) satisfies the scalar impulsive partial differential inequality (4)).

(ii) The proof is similar to that of (i) and we omit it. The proof is complete. [

Let H be a fixed unit vector in R*. The inner product of boundary conditions

(2) [(3)] and H yields the following boundary conditions:
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%UH(x,t) + p(z, ug(z,t) =0, (z,t) € 002 x Ry, (2)

ug(z,t) =0, (z,t) € 0Q x R,. (3)

Lemma 3.2. Let H be a fized unit vector in RM . If the scalar impulsive partial
differential inequality has no eventually positive solutions and the scalar
impulsive partial differential inequality has no eventually negative solutions,

satisfying the boundary conditions (2') [(3')], then every solution U(z,t) of
@-@[@D] is H-oscillatory in Q x R

Proof. Suppose to the contrary that there is a H-nonoscillatory solution U(x,t)
of —[] in G, then ug(x,t) is eventually positive or eventually negative.
If uy(z,t) is eventually positive, by Lemma [3.1] easily, we obtain that wgy(z,t)
satisfies the scalar impulsive partial differential inequality . On the other hand,
it is easy to see that uy(x,t) satisfies the boundary conditions (2’)[(3’)]. This is a
contradiction to the hypothesis.

Similarly, if ug(x,t) is eventually negative using Lemma easily, we obtain
that wpy(z,t) satisfies the scalar impulsive partial differential inequality (). It
is obvious that wgy(z,t) satisfies, the boundary conditions (2’)[(3')]. This is a

contradiction. The proof is complete. 0

Theorem 3.3. Let H be a fized unit vector in RM. If the impulsive differential

inequality

(p()Z(t)) +r(t) Z5(t) + G(t)Zu(o(t) <0, t#1;
Zy(th 7 (tF (10)
a;f\ H<j)<a]7 }/I(])gﬁjy j:1727”'a
Zp(t;) Zy(t5)
has no eventually positive solutions and the impulsive differential inequality
(p()Z 1)) +r(t) Z5(t) + G(t)Zu(o(t)) 20, t#t;
Zy(th 7t (11)
a;/ H<j)>aj7 {I(]>>Bj7 j:1727“'a
Zn(t;) Zy(t5)

has no eventually negative solutions, then every solution U(xz,t) of - 18

B <

B>

H-oscillatory in Q0 x R.
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Proof. Suppose to the contrary that there exists a solution U(x,t) of — which
is not H-oscillatory in € x R,. Without loss of generality, we may assume that
ug(x,t) > 0 in Q x [tg, +00), for some ¢, > 0. By the assumption that there
exists a t; > to such that p(t) > to for t > to, 7(¢,() > to and 0(¢,() > t, for
(t,¢) € [t1,+00) X [¢,d], we have that

ug(z,p(t)) >0, uy(x,7(t,{)) >0 and wugy(z,0(t,¢)) >0
for x € Q, t € [t;,+0), ¢ € [, d].
For t >ty and t # t; for j = 1,2,---, we multiply both sides of inequality

1
— and integrate with respect to x over the domain 2 to attain

"1

% oty (1o [wnte,ide = [ g(eun(e, o(t)da
9] Ja 9 Jo

1
#7000 iy [ ottt p(t»dw)

|Q|//QtCuer(tg))dn( ()dx — alt ‘Ql/AuHmt
]Q]// a(t, () Aug(z,0(t,¢))dn(¢)dx ’Q’/le'tdx t£t;

Using Green’s formula and boundary condition (2’), we have that

/Amﬂ%mm_ fLm@wms_—/‘M@mm@¢m5<q (13)
Q a0 07 o0

\

and

0
/QAUH(x,Q(t,C))dx: / a—ﬂyuH(x,é’(t,C))dS

o0
:—/‘M%maommﬁmuomsga £>ty  (14)
o0
where dS is the surface component on 9. Furthermore, by (Hy), [, fr(z,t)dz< 0.
Combining — we get

a4 { ()5 Va(0) + aOViap0))| + (8 5, (Vi) + 90V o(0)

T / QUt, OVar(r(t,O)dn(€) <0, 1> 1o,

Setting Zp(t) = Vu(t) + g(t)Vu(p(t)), we have
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(p(t) Zy () + () Z3 (2) +/ Q(t, O)Vau(r(t, ¢))dn(C) <O0. (15)

Clearly Zg(t) > 0 for t > t;. Next we prove that Zj(t) > 0 for t > t,. In fact
assume there exists 7' > t, such that Z7,(7") < 0. We have

p(1)Z(t) + (p'(t) + (1) Zy(t) <0, ¢ >ty (16)

and from (H,) it follows that P'(t) = P(t) (’%), P(t) > 0 and P'(t) > 0 for

t > to. Multiply both sides of this inequality by %, we obtain
P(t)Zy(t) + P'(t) Zy(t) = (P(t) Zy (1)) < 0. (17)

From we have P(t)Zy(t) < P(T)Zy(T) <0, t > T. Thus

t
Zu(t) < Zu(T) + P(T)Z4(T) / e
v P(s)
Again, from (H;) we have tlim Zg(t) = —oo which contradicts the fact that
—00

Zg(t) >0 for t > 0. Hence Z};(t) > 0 and since p(t) < t for t > ¢, we have

Vi(t) = Zu(t) = g®)Vu(p(t)) = Zu(t) = 9(t)Zu(p(t))
> Znu(t) (1 - g(1))

and
Vi (r(t.¢) =2 90Zu(7(t,Q)).

Therefore from ((15]), we have .
POZ(0) +rOZ(®) +0 | Q.OZu(r(t.0)n(€) <0, ¢ 10
From (H») and Z}; > 0, we have
Zu(1(t,¢)) = Zu(r(t,c)) >0, (€lc,d] and o(t) <7(t,c) <t
Thus, Zy(o(t)) < Zy(7(t,c)) and therefore
(1) Z () + () Zy () + G(t)Zu(o(t) <O, ¢ >t (18)
Fort > ty,t =t;, j =1,2,---, multiplying both sides of inequality by 1/]€]

and integrating with respect to x over the domain 2, we obtain

%<VH(tj+)<o¢- %<V1’1(tj)
7 Vy(ty) 7 V()

« g 53
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Since Zy(t) = Vi (t) + g(t)Vu(p(t)), we have that
+ (4
a§<%<aj, BJ<%<&-- (19)
Therefore and show that Zg(t) > 0 is a positive solution of the impulsive
differential inequality . This is a contradiction.
Suppose, now, that ug(z,t) < 0 is a negative solution of the impulsive partial
differential  inequality (b)) satisfying the boundary condition ({2,

(x,t) € Q X [tg,+00), to > 0. Using the above procedure, easily, we can reach a

contradiction. The proof is complete. O

Theorem 3.4. Assume that if there exist a function ®(t) € C'(Ry,(0,400))

which 1s nondecreasing with respect to t, such that

[0 oo 2o
where 0 ) (t)
"(t r(t o'(t
POZ%0 T ™ PO S

then every solution of — 1s H-oscillatory in 2 x R,..

Proof. We show that the inequality has no eventually positive solution if the
conditions of Theorem hold. Suppose that Zy(t) is an eventually positive
solution of the inequality . Then there exists a number ¢; > t; such that
Zp(o(t)) > 0 for t > t;. Thus we have

(p(t) Z3 (1)) + 7(t) Zi () + G(t) Zu(o(t)) < 0. (21)
Define
() Zy(t)
Wi(t) = ‘D(t)m,
then W (t) > 0 and
, @) @) W2(t) o'(t)
W0 < (G~ i) VO~ 2080 ~ g
Thus W'(t) < D(t)W(t) — G(t)®(t) — W?(t)E(t) and W (t]) < %W(tj). Define

A = I (%)1 W),

tostj<t N J
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It is clear that W (t) is continuous in each interval (¢;,¢x11], and since W(tj) <
%W(t]—), it follows that
5 AN
- L (2 wire IL () w0

to<ti<t; ~ J to<t;<t; N J

and for all t > t,
-1

= T (2) w <H( L) i) = )

to<ti<tj—1 J

which implies that A(t) is continuous on [tg, +00).

to<t; <t(ﬂi) H ( ]> "G - A0D(

( ) )+ W2(HE(t) — W(t)D(t) + G(£)®(1)] <0,

that is

20 <— ] (5—) B A1) + A0D() — ] (ﬂ—i)lG@)@(w. (22)

o
to<t; <t to<tj<t N J

X(t) = ( 11 (%) E(t)) A(t) and Y(t)@(

using Lemma [2.3] we have

pwan - T1 () s < g 11 (%)

o
to<t; <t J

Thus

Integrating both sides from ¢y to t, we have

A(t) < Alty) — / t (%)_1 [G(S)CI)(S) _ f;g} ds

10 to<t;<s J

Letting ¢t — oo and using we have lim A(t) = —oo, which leads to a
—00
contradiction with A(¢) > 0 and completes the proof. O
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Theorem 3.5. Assume that there exist functions ® and ¢ € C'(Ry, (0,400))
where ® is nondecreasing, and functions b, B € C*(D,R), where D = {(¢,s): t >
s =ty > 0} such that

(Hy) B(t,t) =0 and B(t,s) > 0 for allt > s > t,
(Hs) OB s )>Oand&is)<0,
0B(t, s)

(Ho) — 837 =b(t,s)\/B(t,s). If
hfffipB(tl,to)/t (&) (G(SW(S)B@,SM(S)

o
0 to<t;<s J

~1[b(t8)8(s) — ¢/(5) /Bt 5) — D(s)é(s) /B, 3>]2> ds — 1o, (23)

4 E(s)o(s)
then every solution of — 1s H-oscillatory in €2 x R,..

Proof. Let Zg(t) is an eventually positive solution of . Proceeding as in the
proof of Theorem [3.4] we obtain

wo <~ T (f—) P40 + A0p0 ~ T] (f—) Ga(1)

multiplying the above inequality by B(t,s)¢(s) for t > s > T, and integrating

from T to t, we have

[ aGn s < - [ tt 11 () BB o0

T J

—i—/ A(s)D(s)B(t, s)¢p(s)ds

T

Thus we have

T (%) (s)B(t, 5)6(s)ds < A(T)B(t, T)$(T)

/T [ o(s) — B(t,s)¢'(s) — D(s)B(t, s)¢p(s) | A(s)ds

)

(%) E(s)A*(s)B(t, 5)¢(s)ds.

’ﬂ
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Therefore
/T t H <&> h G(s)®(s)B(t, 5)p(s)ds
L (! [blE)6(s) — () V/BEs) — D(s)os) /Bl s
A /T tolls (_j) E(s)¢(s)
< AT)B(t, T)o(T). (24)

From fort > T > ty, we have

1 /t H (&)1
B<t7 to) to to<t;<s Ol;f

b(t, 9)6(s) — (s)y/B{t.5) ~ D()6()y/B(T.)] ]

1]
1 EG)00)
1 (%) (G(s)@(s)B(t7S)¢(3>

1 T t7]
] o
B(t’ to) [[0 T ] to<t;<s j

1 [pt.9)6(s) = () /Bt 5] - D(s)als) B<t,s>]2 )
4 E(s)0(s) ’

G(s)®(s)B(t, 5)¢(s)

ds

</ I (5—;)_1G<s>@<s>¢<s>ds+¢<T>A<T>-

0 to<t;<s

Letting ¢ — 400, we have

1 (&) B (G(s)(l)(s)B(t, $)é(s)

a;

lim sup

1 t
t—sto0 B(t,10) /t

0 to<t;<s

1 [pt,9)6(5) = ¢ (5) VB 5) = Dls)ols) B(t,s>]2>d

4 E(s)(s)

</Tl—[ Bi\

(—*) ()0 (s)6(s)ds + S(T)A(T)

Q;
< 400,
which leads to a contradiction with and completes the proof. O

Choosing ¢(s) = ®(s) = 1, in Theorem [3.5, we establish the following result.
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Corollary 3.6. Assume that the conditions of Theorem [3.5 hold and

<B_i)_l (G(S)B(t, s) — ;l [b(t’ ) DoV S)] )ds = 00,

lim sup

1 t
t—+o00 B(t,10) /t

0 to<t;<s

then every solution of (1)-(2) is H-oscillatory in Q x Ry.

j E(s)

From Theorem and Corollary [3.6] we can have several oscillatory criteria by
different choices of the weighted function B(t, s). For example, choosing B(t, s) =
(t—s)*1 t > s > tg, in which A > 2 s an integer, then b(t, s) = (A—1)(t—s)*=3/2,
t > s > ty. Corollary leads to the following result.

Corollary 3.7. If A > 2 is an integer such that

(j—ﬂ) T g (G(s) - 4E1(S) «

[Dz(s) _20=10D(s) (A= 1)2]>d3 — too,

1 t
].lm su —/
t—>+oop (t - t()))‘_l t

0 to<t;<s

(t—s) (t—s)?
then every solution of - 1s H-oscillatory in Q0 x R,..
1
Now we consider B(t,s) = [P(t) — P(s)]}, t > s > to, where P(t) = ftl; ——ds and

p(s)
lim P(t) = 400, then b(t,s) = A\[P(t) — P(s)]*~%2. This leads to the result in

t—-+o0

the following Corollary.

Corollary 3.8. If A > 2 is an integer such that

: 1 t AN _ P Gls) — —
o [P(t)—P(to)]*/t 11 (a) =) (G() 1B

J

a2y 2AD(s) A2 o= oo
[ P<t>—P<s>+[P(t)—P<s>P]>d oo

then every solution of - 1s H-oscillatory in Q0 x R,..

4. H-OsciLLATION OF ([1))-(3)

In this section, we establish sufficient conditions for the H-oscillation of all

solutions of —.
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Theorem 4.1. Let H be a fized unit vector in RM . If the impulsive differential

inequality
. / . .
(pOZ(®) + (O Z3(1) + GO Zn(o() <0, L £,
Zy(tT A t* (25)
Oéjg ~H(])<aj7 6 X I,{( ><6] j:1727”'7
Zn(t;) Zy(t5)
has no eventually positive solution and the impulsive differential inequality
(b0 Z4(0)) + (D Z44(1) + G Zulo (1) 2 0, £ 41,
Z Ziy (tF (26)
Oéj> H >>O~/ja 6 = I,{( >>ﬂ] j:172>"'a
Zu(ty) Zy(t5)

has no eventually negative solution, then every solution U(z,t) of - 18
H-oscillatory in Q0 x R.

Proof. Suppose to the contrary that there exists a solution U(x,t) of —
which is not H-oscillatory in G. Without loss of generality, we may assume that
ug(x,t) > 0in Q X [ty, +00), for some ¢y > 0.

For t >ty and t # t; for j = 1,2,---, we multiply both sides of inequality
by K,p(z) and integrate with respect to x over the domain €2 to attain

( %(p(t)% ( / K, o(a)um(z, t)dz + /Q g(t)ngo(x)uH(x,p(t))dx)>
() ( / Kopla)un(e.tide + [ g@)KW(x)uH(x,p(t))dw)

+ [ / K oo (0)Q(t, Cun (, (1, O))dn(C)dz — () / K polr) Mg (z, 1)

// (t, Q) Kypp(x)Auy(z,0(t,¢))dn(¢ / x)fu(x,t)de, t#t;.
(27)

Using Green’s formula and boundary condition (3'), we have that

- 2@t o 99@)
/Q Kopla) Sun(e iz = K, | [<p( ) )5 }dS

+ K¢/ up (z,t)Ap(z)de = 0 — N\ Vy(t) <0,  (28)
Q

and
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Qup (x,0(t,¢)) Ip(x)

/§2K¢g0(x)AuH(x,9(t,C))dx: K, /{m [cp(:z) s —ug(x,0(t,Q)) e ds
LK, / g (2,01, ) Ap()d
Q
= 0—XVu(0(t,¢) <0 (29)

where dS' is the surface component on 9. Furthermore, by (Hy), [, fu(x,t)dx <

0. In view of —, we get

% |05 (7 + 90 7to(0) | + 05 (V) + 9(0a(o(0)
+ [ QUOVulr(t ) <0, t2 10

Setting Zy(t) = Vi (t) + g(t)Vu(p(t)), we have

(b024(0) + 1O Zi0)+ [ Qe Ta(r(t.O)in(c) < 0.

The rest of the proof is similar to that of Theorem and hence the details are
omitted. The proof is complete. O

Theorem 4.2. Let the conditions of Theorem hold, then every solution of
— is H-oscillatory in 2 x R,..

Theorem 4.3. Let the conditions of Theorem hold, then every solution of
— 1s H-oscillatory in 2 x R,..

Corollary 4.4. Let the conditions of Corollary hold, then every solution of
— 1s H-oscillatory in 2 x R,..

Corollary 4.5. Let the conditions of Corollary hold, then every solution of
— 1s H-oscillatory in 2 x R,..

Corollary 4.6. Let the conditions of Corollary hold, then every solution of
— 1s H-oscillatory in 2 x R,..

5. EXAMPLE

In this section we provide an example to point up our result.
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Example 5.1. Consider the following impulsive partial differential equations

0,0 1 3\ 0 1
4 w/2 29 /2
+ U(z,t—2¢)d¢=5AU(x,t)+— AU (z,t—2¢)dC+F(z,t), t#t),
5 Jasa 5 Jr/a (30)
U, tf) = 220 ),
0 j@
- = = . i —
\37§U(x’t]) atU(SU,t]), j=12---,
forx € (0,m), t € Ry, with the boundary condition
U(O,t)_U(W,t)_(8>, FAt, j=1,2, . (31)
Jj+1
HereQ:(O77r)7N:1;M:27aj:a;:Taﬁj:/8;:17p(t):37
1 3 4
g(t) = g; p(t) = t_ﬂ-f T(t) - _ZL: T(t7C) = Q(t, C) = t_2C7 77(0 - C; Q(t7C) = 37

a(t) =5, a(t,Q) = 2, [e.d] = /4, 7/2],

16 .
——sinxz cost

Fo,t) =
(@1) 20 13, 43 )

. t_ e
s1nxe(4+56 206

1 16
Let H=1¢, = ( 0 ) , then we have fy(x,t) = fo,(z,t) = % sinx cost and

16 32 3
/fel(x,t)dx:——/sinxcostdx:——costSO, T Stﬁ—ﬂ.
0 5 /g 5 2 2

Take A = 3, o(t) = ¢, o'(t) = 1, &(t) = 1. Since to = 1, t; = 2/, E(s) = 3,

1 4
7 G(s) = 2—2 Then hypotheses (Hy) — (Hg) hold, and further
¢

I Gas— [ 11 L
1m H a S : H j+1 S

D(s) =

e g to<t; <s 1<t;<s
t1 . to . t3 .
J J J
= H : ds+/ H ‘ ds+/ H ——ds+---
/1 12t,<s 7 +1 Ho12t<s +1 15 124 +1
1 1 2 = 2"
= 14+ - X2+ -x-x224...= = +00.
TR Rkl nz:; 1l
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Thus

1 ¢ j+1 43 3 3
li S T —s)? = — = - ds b = +o0.
gff@p(t—m{/l 11 7 (=9 [25 TO— (t—s)2] S} oo

1<t;<s

Therefore all the conditions of Corollary[{.5 are satisfied and hence every solution

Ul(z,t) of equation (30)-(1) is e;-oscillatory in G. In fact

sinz sint
Uz, t) = ,

sinz et

We note the above solution U(x,t) is not

is one such solution of -.

0

es-oscillatory in G, where eg = ( .
1

6.

CONCLUSION:

In this paper, we have established some new oscillation criteria for impulsive
vector partial differential equations with damping term. We have derived sufficient
conditions for the H-oscillation of solutions, using impulsive differential inequalities
and average technique with two different boundary conditions. The example we
have used is illustrative of the application of Corollary [£.5] The present results

complement and extend those established for problems without impulses.
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