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ABSTRACT. In this work, we consider the oscillation of solutions of nonlinear
impulsive neutral partial differential equations with distributed deviating
arguments and damping term.  Sufficient conditions are obtained for the
oscillation of solutions using impulsive differential inequalities and integral
averaging method with two boundary conditions. Example is given to illustrate
our main results.
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1. INTRODUCTION

Oscillation theory of differential equations originated by C. Sturm [18] in 1836, and
for partial differential equations by P. Hartman and A. Wintner [0] in 1955. Pioneer
work on oscillation of impulsive delay differential equations [5] was published in 1989
and its results were included in monograph [7]. Likewise in 1991, the first work done
in [4] on impulsive partial differential equations.

In [I] authors studied the asymptotic behavior of the nonoscillatory solutions of
the neutral equations with distributed deviating arguments. Oscillatory properties
of the nonlinear inhomogeneous hyperbolic equation with distributed deviating
arguments investigated in [8]. Oscillatory properties of solutions of many partial
differential ~equations with continuous distributed deviating arguments
concentrated in |2, B, [T, 13, 17, 19, 22, 23, 24] and monographs [25, 27].
Motivated by [9, 10] to introducing distributed deviating arguments for impulsive

neutral parabolic partial differential equations. Particularly no work has been
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known with (E) and (B1) [(E) and (B2)] upto now. This paper generalizes many
results of hyperbolic partial differential equations without impulse and distributed
deviating arguments. Many authors studied the oscillation of partial differential
equations with or wihtout impulse, see [15], [16, [14, [12] 26l 20] and the references
cited therein. While comparing the importance between impulsive differential
equations and corresponding differential equations, impulsive type has wide
applications in various fields of science and technology.

In this paper, we focus our attention on oscillation of nonlinear impulsive neutral
partial differential equations with distributed deviating arguments and damping

term
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where 0 is a bounded domain in RY with a piecewise smooth boundary 0 and A
is the Laplacian in the Euclidean space R".
Equation (F) is supplemented by one of the following Dirichlet and Robin

boundary conditions,

u= 0, (z,t) € 90 x R (B1)

% + p(z, t)u = 0, (z,t) € 00 x RT (B2)
7

where 7 is the unit exterior normal vector to 92 and u(z,t) € C(9Q x R, R*).
We assume that the following hypotheses (H) hold:
o 1
(Hy) r(t) € C"(R*, (0, +00)), 7(t) > 0, p(t) € C(RT,R), fto ——ds = oo, where

R(s)
N %ds), c(t) € C2(RT,RY), a(t) € PC(R*,RY),

where PC' denotes the class of functions which are piecewise continuous in

R(t) = exp
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t with discontinuities of first kind only at t = ¢, £k = 1,2,---, and left
continuous at t =t;, k=1,2,---
(Hy) 7(t) € C(RT,R), tELnOOT(t) = +oo, q(z,t,&) € C(Q x Rt x [a,b],RT),
Qt, &) = rxneiélq(x,t,ﬁ), f(u) € C(R,R) is convex in R, wf(u) > 0 and
f(u)

TZE>Oforu%0.
(H3) b(t,§) € C(RY x [a,b],RY), g¢(t. &), h(t,§) € C(RT x [a,b],R), g(¢,£),
h(t,&) <t for £ € [a,b], g(t,&) and h(t,&) are nondecreasing with respect to

—~

t and & respectively and t_ﬂlriorg igrgmb] g(t, &) = t_)Jlrig ignef[mb] h(t, &) = +oo.

(H4) There exist a function 0(t) € C(R*, R™) satisfying (t) < g(t,a), 0'(t) > 0
and tLiinOOQ(t) = +o00, 7(€) € ([a,b],R) is nondecreasing and the integral of
equation (FE) is a Stieltjes one.

(Hs) u(z,t) and their derivative u;(z,t) are piecewise continuous in ¢t with
discontinuities of first kind only at ¢t = t;, k = 1,2,---, and left continuous
at t = ty, u(x, ty) = u(x, ty), wlx, ty) = w(x, by ), k=1,2,---.

(Hg) ap(x,tr,u(z,tr)), Br(x, tr,ui(z,tr)) € PC(QAx RY x RR), k =1,2,---,
and there exist positive constants ay, ay, by, b with by < aj such that for

k=12,

5]6('17’ tk’v ut($7 tk))
Ut(l', tk})

b < < by.

This work is planned as follows: Section 2, we will give the definitions and
notations. In Section 3, we deal with the oscillation of the problem (F) and (B1).
In Section 4, we discuss the oscillation of the problem (£) and (B2). Section 5,

presents an example to illustrate the main results.

2. PRELIMINARIES

In this section, we introduce definitions and some well-known results which are

needed throughout this paper.
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Definition 2.1. A solution u of (E) is a function v € C?(Q x [t_;, +00), R)NC(Q x
[t_1,+00),R) that satisfies (E), where

t_1 = min {O, infr(t)} and
>0

f | = min {O, i {ggg(t, 6)} ) in, {ggh(t, 6)}} :

Definition 2.2. For any function k(t,s) € C([to, +00) X [to,t),R), 0 > to > 0, we

define the linear integral operator L? as

£a(k(t,9) = [ p(s)(t = 5)°h(t ),

where a > 1 is a constant, p € C'([ty, +00),R) with p > 0.

If % € C([to, +o0) X [to,t),R), we get

O0k(t,s) —a  p(s)

Pl —27) = — — o) _ e

Lr ( P ) plo)(t —o)%k(t,o) — LF {(t — + 05) k(t,s)| .
Definition 2.3. The solution u of (E), (B1) [(E), (B2)] is said to be oscillatory in

G if for any positive number ¢ there exist a point

(x0,t0) € Q X [¢,400) such that u(xg,tg) = 0 holds.

Definition 2.4. A function V(¢) is said to be eventually positive (negative) if there
exists a t; > to such that V(¢) > 0 (< 0) holds for all ¢t > ¢;.

It is known that [2I] the smallest eigenvalue Ag > 0 of the eigenvalue problem
Aw(z) + lw(z) = 0 in Q
w(z) =0 on 0
and we can choose the corresponding eigenfunction ®(x) > 0 in 2.
For each positive solution wu(x,t) of (E),(Bl) [(F),(B2)] we associate the

functions V(t) and V (t) defined by

V(t) :Kq)/gu(x,t)fb(x)dx, V(t) = |%’/Qu(x,t)dx, and

PWZ%/MMW@,
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where

Ky = (/Q @(m)dm)l, Ie] :/de, and go =1 — c(g(t,€)).

3. OSCILLATION OF THE PROBLEM (E£) AND (B1)

In this section, we establish sufficient conditions for the oscillation of all solutions

of (E) and (B1).

Theorem 3.1. If the impulsive functional differential inequality

\

(r()Z'(t)) +p)Z'(t) + F(t)Z(0(t)) <0, t#ty
20
Ay, >~ Z(tk) = ag, (1)
AU _
b < 7t <b,, k=12, J

has no eventually positive solution, then every solution of the boundary value problem

defined by (E) and (B1) is oscillatory in G.

Proof. Assume the contrary that u(xz,t) # 0 is a solution of the boundary value
problem (F), (B1). Which has a constant sign in the domain 2 x [¢y, +00). Assume
that u(x,t) > 0, (z,t) € Q x [ty, +00), to > 0. By the assumption that there exists
a t; > to such that g(t,&) > to, h(t,§) > to for (¢,&) € [t1, +00) X [a,b] and T(t) > to
for ¢t > t1, then

u(z,g(t, &) >0 for (x,t,&) € QX [t;,+00) X [a, b,
w(z,7(t)) >0 for (x,t) € QX [t1,+0),

and  u(z, h(t,€)) >0 for (z,t,&) € QX [t1,4+00) X [a,b].
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Fort > tg, t # tx, k = 1,2,--- , multiplying both sides of equation (£) by K¢®(x) >

0 and taking integration with respect to x over the domain 2, we obtain

d )
% dt (fQ u(z, t) Ko ®(x)dz 4 c(t) [, ul Ko®(z)dz)

(fQ u(x,t) Ko ®(x)da + c(t) [ u( Ko®(z)dx)

+fQ faq ,t,8) f(u(x, g(t,€))) Ko ®(x)dn(§)dz
= a(t) f Aux, ) Ke®(x)de — []b(t,€) o Aule, h(t, €) Ke®(z)dud(S).

Vs

From Green’s formula and boundary condition (B1),

. ou 0P (x)
K¢>/§2Au(x,t)d>(:v)dx— Ko /ag {(b( )87 . :|dS+K¢)/QU(£E,t)A(I)(gj)de
and
K‘I’/QA“(‘”W(W))‘I’(@W = K /aQ [@(ﬁf)au(x’a—};(t’é)) _— h(t,f))acg(f)} ds
+Kq>/9u(:v,h(t,£))A<I>(;c)d;c
= —AV(h(t,€)) <0, (4)

where dS is surface element on 0f2. Moreover using Jensen’s inequality, from (H2)

and assumptions, it follows that

// (2.£,€) F(u(z, g(t,€))) Ko ®()dn(€) da
> / Q(t.€) / Flul, g(t, €))) Ko®(2)dadn(€)
z/@té / (2, 9(t, €)) Ko (x)dedy (€)

> /Qtf gt €))dn(€). (5)
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In view of —, we obtain

& O V0 + V)] + 0% 10+ )

/Qt€ g(t,€))dn(€) < 0.

Set Z(t) =V (t) + c(t)V(7(t)). Then

(r(1)Z'(2)) / QUOV(g(t.O)dn(E) <0, t#t.  (6)

It is easy to obtain that Z(t) > 0 for ¢t > ¢;. Next we prove that Z'(t) > 0 for t > t,.
Assume the contrary, there exists 7" > ¢, such that Z'(T") < 0.

(r()Z'(t)) +p)Z'(t) <0,  t>ty

r(t)2"(t) + (r'(t) + p(t) Z'(t) <0, t=to. (7)

From (), we have R'(t) = R(t) <%) and R(t) > 0, R'(t) > 0fort > t,.
We multiply f((f)) on both sides of (), we have

R()Z"(t) + R(H)Z'(t) = (R®)Z'() <0, t >t (8)

From (8)), we have R(t)Z'(t) < R(T)Z'(T) <0, ¢ > T. Thus
t t T Z/ T
/ Z'(s)ds < / RDZ@) 0 s
T T R(s)
t
d
Z(t) < Z(T)+ R(T)Z'(T) | ——, t>T.
v R(s)
From the hypotheses (H; ), we have . liin Z(t) = —oo. This contradicts that Z(t) > 0
—+oo
for t > 0. Thus Z'(t) > 0 and 7(t) <t for t > t;, we have

and
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Vi(g(t.€)) = Z(g(t.£))(1 — c(g(t.€)))
V(g(tag)) > 90Z<g(t7§))

Therefore from @, we have
(OZ0) +pOZ(0) + e 90 [ QLOZLOE) <0, 2t
From (Hj3) and (H,), we have
Z[g(t,&)] = Z[g(t,a)] >0, £ €[a,b] and O(t) < g(t,a) <t,

thus, Z(6(t)) < Z(g(t,a)) for t > t;. Therefore

(r()Z'(t)) + p(t)Z'(t) +€/ Q(,£)Z(0(t))dn(§) <0, t=>t,
(r()Z' (1)) +p(t)Z'(t) + F()Z(0(t) <0, ¢ >t

For t > tyg, t = ty, k = 1,2,--- , multiplying both sides of the equation (FE)
by Ke®(z) > 0, taking integration with respect to x over the domain €2, and from
(Hg), we obtain

+
U(.T,tk) ut(ajvtk‘)
From assumptions we have,
V(ty) V()
< < by < <b
and
Z(ty) Z'(t;,)
* < < by < < by.
ap > Z(tk) = G, k= Z,(tk) >~ Uk
Therefore Z(t) > 0 is solution of . This contradicts the hypothesis and completes
the proof. 0

Theorem 3.2. Suppose that

() [ro- e (- () ) o
(9)

then every solution u of the boundary value problem (E), (B1) is oscillatory in G.

1
lim sup t—aﬁfo {

t—+00
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Proof. To prove the solutions of (E), (B1) are oscillatory in G, from Theorem [3.1]
it is enough to prove that the impulsive functional differential inequality has no

eventually positive solutions. Suppose that Z(t) > 0 is a solution of the inequality

(). Define
r(t)Z'(t)

W(t) = Z60) t > to.
Then
/ . gl(t) 2 _ @ _
W) < Ew(n)
Define

OE| (b—’“) B W (t).

Qg
to<tp<t
In fact, W(t) is continuous on each interval (tx,tx+1], and in view of
b
W(tH) < =W (t). Tt follows that for ¢ > to,
Ay
+ b - + b -
U(tk) = H o W(tk:) < e W (ty) = U(tk)
to<t;<ty k to<t; <ty
and for all ¢ > t,
_ b\ _ b\
Ut = JI (=) W) < — | Wity) = U(t)
a a
to<t;j<tp_1 k to<t; <ty k
which implies that U(t) is continuous on [ty, +00).

: b\ UP0E' (1) | p(t) b\
v+ I1 () Sem +rove+ I () #o

Ay
to<tp<t to<trp<t

L) o LG ILG) e

to<trp<t to<tp<t

1 (%) Hwos T (%) Fo

(10)
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That is

(11), with ¢ replaced by s, we get

Apply the operator L% to

(12)
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Denote

ro- | IL () o226 L (3) %6
Applying the above Y (s) in (12), we get
() o)

I (%) o153 11 (5) %)

to<tp<s k

+ LP(Y?(s)) + LF

[

< p(o)(t —0)*U(o)

e [(vo- (- 2) | 1L () )
cer 1 (%) ro- T (%) S (29 -(5+4)
< p(o)(t —0)*U(0) (13)

Note that, the first term of is nonnegative, so

(%) ro- T (%) ey (- (=) |

to<trp<s to<tp<s

ﬁﬂ

[

67

< p(o)t® (1 — %) Ulo), t>s

Vv
~
o
—~
—_
=~
~—

Let 0 =ty and taking limsup in as t — 400, we get

e T () P S (5 - (5 4) )}

< p(to)Ul(to) < +o0, (15)

which is a contradiction to @ This completes the proof. OJ
Corollary 3.3. If @ m Theorem 1s replaced by

() e

to<tp<s k

) 1
lim sup — L7
o 0
t—+o00
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(%) S (g-(=+4)

to<trp<s

and

_ 1
lim sup — L7
6% 0
t—+o00

then every solution u of (E), (B1) is oscillatory in G.

4. OSCILLATION OF THE PROBLEM (F£) AND (B2)

In this section, we investigate the oscillation of the problem (F) and (B2).

Theorem 4.1. If the impulsive functional differential inequality

(r()Z' (1)) + p(H)Z'(t) + F))Z(0(t)) <0, t#t, )
< 2 "
YT Zm) T (16)
b < Z'(ty) <by, k=12,
Z'(tx) )

has no eventually positive solution, then every solution of the boundary value problem

defined by (E) and (B2) is oscillatory in G.

Proof. Suppose to the contrary that u(z,t) # 0 is solution of the boundary value
problem (E), (B2). Which has a constant sign in the domain 2 X [¢y, +00). Assume
that u(x,t) > 0, (z,t) € Q x [ty, +00), to > 0. By the assumption that there exists
a t, > to such that g(¢,&) > to, h(t,&) > to for (t,€) € [t1,+00) X [a,b] and 7(t) >t
for ¢t > t1, then

u(z,g(t,&)) >0 for (z,t,&) € QX [t;,+00) X [a, b,
u(z,7(t)) >0  for (z,t) € QX [t;,+00),
and  u(x,h(t,€)) >0 for (x,t,&) € QX [t1,+00) X [a,b].

1
For t > tg, t # tg, k = 1,2,--- , multiplying both sides of equation (E) by @ and

integrating with respect to x over the domain €2, we have
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i 70 (oo “d“\m ) ot 7))

d
+p()dt<m|fQ xtd:c+|Q| ) Jo, ul >

@fﬂf q(x,t,€) flu(z, g(t,£)))d (é)d

|Q| Jo Au(z, t)d f b(t,§) |Q\ Jo Au(z, h(t,§))dzdn().

/

From Green’s formula and boundary condition (B2), yield

/Au(:c t)dr = —dS = —/ p(x, tyu(z, t)dS <0, (18)
Q a0 0 o)

and

/QAu(w,h(t,f))da:: / M ds

o0 oy
_ /8 . At )u(e, h(t, €))as <0, (19)

where dS is the surface element on 9. Also from (H;) and Jensen’s inequality, we

have

o | [ .t 910t e, )pne)ts
1
> / A / Flulr, g(t, €)))dadn(€)

/ Q(t,6) e@ ule, g(t, €))dd(€)
> / Q(t, )e V(g(t,€))dn(€). (20)
In view of —, yield

4 [r@)% () + c<t>V<T(t>>)] 005 (V(0) + e (7(2)
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Set Z(t) = V(t) + c(t)V(r(t)). Then

/ . b .
(r020) +p0Z O+ [ QAT <0, t#u (21

Rest of the proof is similar to Theorem [3.1] and therefore we omit it. O]

r0(s) (p(s) _(—a P\
F(s)— _ -
=306 \rs) s T ot oo
(22)
then every solution u of the boundary value problem (E), (B2) is oscillatory in G.

Theorem 4.2. Suppose that

b\
lim su E —
tﬁ+oop te { H ((Zz )

to<tr<s

Proof. The proof is similar to that of Theorem and therefore the details are
omitted. 0

Corollary 4.3. If mn Theorem 15 replaced by

-1
lim sup tlﬁfo [ H (b—i> F(s)
@ a

= +00
t—=+o0 to<tr<s N K
and
b\ r(6(s) (p(S) (—a p’(S)))2
limsup — E <—*) - — + < 400,
tstoo 1 togl;[<s ay 40'(s) \r(s) t—s  p(s)

then every solution u of (E), (B2) is oscillatory in G.

5. EXAMPLE

In this section, we will present an example to illustrate the main results.

Example 5.1. Consider the following equation of the form

% {2% (u(x,t) N %u(x,t _ W))] n (_§) gt (u(a:,t) + %u(az,t — w)) \

+= f 7:;/24 u(x, t 4 26)d¢ = 1Au(:zz:t ——f_w/4 Au(z, t + 2£)dg,

t>1,t7é2k,k:1,2,«-~, (23)

k+1

u(z, (2)7) = u(x, 2%),
ug(z, (20)F) = wy(z,2%), k=1,2,--
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for (x,t) € (0,m) x RY, with the boundary condition

u(0,t) = u(m,t) =0, t+#2" (24)
k+1 1
Here Q — (0 7)) ap = ;;:%, b= b= 1 r(t) = 2, clt) = 5, () = t—
1 12
1
a =2, Q(t):t p():2,6:1. Since ty = 1, t, = 2%, gozl—c( (t,)) = 5
1 /a4
F(t)=1x 5 x [” W/; —d¢ = 1 Then hypotheses (Hy) — (Hg) hold, moreover
+oo
lim
=0 Jh t0<t <s 1<tk<5
:/ Hk ds+/ Hk ds—l—/ I+
1<tp<s t 1<tp<s la 1<ty <S
= 1—|—1><2+1><2><22+1><2><3><23+
B 2 23 273 4
+00 on
= Z = +00.
n+1
n=0
Thus,

S| 4 2 \°
hmsup— (t—s) E~ _5+t ds p = +o00.
t=+o0 1 1<tk<s -5

Hence @ holds. Therefore all the conditions of the Theorem are satisfied.
Therefore, every solution of equation — is oscillatory in Q x RT. In fact

u(zx,t) = sinzcost is such a solution.
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