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ABSTRACT. In this paper, we obtain discrete Fourier transform and its properties
for certain functions using the inverse of generalized difference operator. Suitable
examples verified by MATLAB are inserted to illustrate the main results.
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1. INTRODUCTION

Digital Signal Processing (DSP) has revolutionized many areas in science
and engineering such as space, medical, commercial, military, industrial and
communication. DSP is made effectively possible by Fourier Transform (FT) and
Discrete Fourier Transform (DFT) which decomposes signals into sinusoids. In

[6, [7], the forward complex DFT, written in polar form, is given by:

N-1

X (k) = % S a(n)eizmniy (1)

n=0

and it takes different labels depending on the nature of z[n|. The DFT

1 , N
X(k) = NAflx(n)e*ﬂ”’m/N ’ follows from the basic difference identity
0
N N-1
A7'z(k)| = > x(n) in [1I]. Let ¢ be the time between two successive signals.
0 n=0
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Replacing A~! by A,') integer n by real ¢ and the sequence x(n) by a function

z(t), we get a Generalized Discrete Fourier Transform (GDFT)

0N
X(k) = 4w (t)e 7 WN]O . 2)

When ¢ =1 and ¢ — 0 the GDFT becomes DFT given in and FT defined as

g(k) = [ e 9%KUN f(#)dt respectively [2, B]. In this paper, we have successfully

arrived at a new transform GDF'T for signals of algebraic and geometric functions
employing the basic theory of A, and its inverse. We have also additionally provided

certain properties of GDFT.

2. PRELIMINARIES

In [4, 5] the authors introduce k(gm) = k(k =0k —20)---(k— (m — 1){), the

operator Ay as Aju(k) = u(k 4+ ¢) — u(k) and its inverse by
if Aw(k) =u(k), then v(k) = A u(k). (3)
Using Stirling numbers of first kind s} and second kind S]", we obtain

r=1

r=1
(m+1) m m pm—r1.(T) isk
. —17.(m) _ ky —1m _ Syt ky N oA—1 isk _ €
(iv) A, k) = s D) (v) A E™ = ngl NCESE (vi) A, e = (CCEE (5)

Lemma 2.1. [4] Let £ > 0, k € (¢, 00). Then the inverse of product of two functions is
A u(k)w(k)) = u(k) A  w(k) — A7 A w(k + 0 Agu(k)). (6)

b—
Lemma 2.2. [5] If u(k) is a bounded function on |a,b] and £ = Wa’ then

S

-1

y M
= Z u(b—rl) = u(a +re). (7)

r=1 r

Ay (k)

Il
=)
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3. PROPERTIES OF GENERALIZED DISCRETE FOURIER TRANSFORM

In this section we derive closed form solution of the generalized difference equation

Agpv(k) = u(k) and we obtain some properties of generalized discrete Fourier complex, sine

and cosine transforms.

Theorem 3.1. Let k € (—00,00) and ¢ > 0. Then we have

m )(])Ejk(m 7) etis(k+jt)

(m) izsk
A k Z eilsf 1)j+1
Jj=

Proof. Taking u(k) = k:él), w(k) = € in @ and using 1} we get
kél)ezsk feis(k+e)
(ezsé _ 1) (eisﬁ _ 1)2 :

Taking u(k) = kf), w(k) = € in @, and using 1} we get

Aé_l (kél)eiSk) _

ké2)eisk 2£ké1)eis(k+£) 902 pis(k+26)

(et —1) (el —1)2 + (eist —1)3

Azl (kﬁé2) eisk) —

which can be expressed as
. - . 24 is .
Afl(k@)e“k) _ i (—1)7 (2)5”6”{:& 7) gis(k+3t)
¢ Ry = (el — 1)it1

Now follows by continuing the above process and then replacing i by —i.

Theorem 3.2. Let k € (—o00,00)and £ > 0. If €5¢ # 1, then we have

()g]k(m ) :I:zs(k—i—jé)
+i k n
A (kM eEs Z Sl mz eizse 1)i+1

Proof. The proof follows from second term of and

Theorem 3.3. Let k € (—00,00) and £ > 0. If a’e®™™ £ 1, then
ok eEink

~1( k Einky _
Ay (a"e™™) = (aleFnl — 1)

Proof. Since AgaFerink = ghtlexin(ktl) _ gkeFink the proof follows from .
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Definition 3.4. The generalized discrete Fourier transform (GDFT) of u(k) is defined as
F(u(k)) =U(s) = ZAZlu(k)eiSk}zozioo (11)

and the inverse generalized discrete Fourier transform of U(s) is given by

Y/ .
u(k) = AU (s)e ™2

S§=—00

(12)
Similarly the generalized discrete Fourier sine and cosine transforms of u(k) are defined as

Fy(u(k)) = Us(s) = €A,  u(k) sin sk‘zo:() (13)

Fo(u(k)) = Ug(s) = LA,  u(k) cos sk:‘ZO:O. (14)

The inverse generalized discrete Fourier sine and cosine transforms of the above are

respectively given by

20, 4 . 00
u(k) = ?AZ Us(s) sin Sk’s:(} (15)
u(k) = 2—EAZlUC(s) Ccos sk|:io. (16)
- =

Let a and b are constants. From the linearity A[l and the Definition , we can easily

obtain the following linear, change of scale and shifting properties.
Property 3.5. If F(u(k)) = U(s) and F(v(k)) =V (s), then

(7) F(au(k) +bv(k)) = aU(s) + bV (s), (17)

(i) If F(u(k)) =U(s) then F(u(ak))z%U(f), (18)

a

(iid) If Fy(u(k)) = Uy(s) then Fs(u(ak))zéUSC), (19)

a

(i) If Fu(u(k)) = Ud(s) then Fc(u(ak)):éUc<2) (20)
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Example 3.6. Take u(k) = k? for 0 < k < 4. From @, and (@, we arrive

U Y 16e4s g?(eis(él—i—ﬁ)—eise) 2 4eis(4+Z) g(eis(4+2€)—e“2l)
o(s) = 2 (st — 1)~ (e 1)z (el 1) ((eise T T (st 1)
/ 1645 52(6—15(4%)—@—“@) 20 Le—is(4+0) g(e—is(4+2£)—e_i32€)
9 (e=ist — 1) n (e=ist —1)2 o (e=ist —1) <(e—is€ —1) o (e=ist —1)2
In particular, when £ — 0 we get Up(s) = 10sin ds + 5COSS428 -1 281; 4s
which yields Fu((ak)?) = 2(16 sin(4s/a) 5cos(4s/a2) -1 28111(48?{(1))
a\ (s/a) (s/a) (s/a)

Property 3.7. If F(u(k)) = U(s), then F(u(k — a)) = e**%U(s)

Proof. From li we have F(u(k —a)) = £A,  u(k — a)ei‘s’“‘koj

—00"

Now the proof follows by substituting & — a by ¢. O

Example 3.8. Toke u(k) = e* for —1 < k < 1. From the Property and (ﬂ), we
pi(s+1) _ ei(erl))

(ei(s—l-l)Z _ 1)

obtain the Fourier transform F(e'*) = E(

_ 2sin(s+1) isa28in(s + 1)

In particular, when ¢ — 0, we get U(s) = i1 and F(u(k —a)) =e G11)
Theorem 3.9. Modulation theorem:
1
(i) If F(u(k))=U(s) then F(u(k)cosak)= 5[U(s +a)+U(s—a) (21)

(i1) If Fg(u(k)) = Us(s) then Fs(u(k)cosak) = %[Us(s +a) 4+ Us(s — a)] (22)
1
(1i1) If Fg(u(k)) =Us(s) then F.(u(k)sinak) = i[US(S +a) — Us(s — a)] (23)
() If Fe(u(k)) =U.(s) then Fs(u(k)sinak) = %[UC(S —a) —Uc(s+a)] (24)
. - eiak _|_e—iak .

Proof. From (11), we get F(u(k)cosak) = £A; u(k)e' (f) e o0

and , we have Fs(u(k) cosak) = EAe_lu(k:)%(sin(s +a)k +sin(s — a)k) ‘ZO:O,

which yield and . Similarly, we can get the proof of and . O



J. Comp. Matha. 1 (2017) 104-111 G.Britto Antony Xavier 109

Example 3.10. Tuking u(k) = a* for |k| < 3 and u(k) = 0 otherwise, then from and

3.i3s _ . —3,—i3s
, we have F(a*) =U(s) = EA;lakeiSkli_ig = Z(a c 7 is; i )
= ateist —

1
In particular, when £ — 0, we get U(s) = —(cos 3s(a% — 1) + isin3s(a® + 1)).
isa

1 1
Which yield F(a” cosak) = = {i((cos 3(s+a)(a® — 1) +isin3(s + a)(ab + 1))

2 li(s+a)a?
+i(s e (cos3(s —a)(a® — 1) +isin3(s — a)(a® + 1))}
Similarly taking u(k) = k3 in for 0 < k <5 and from , we have
isk —isk
3y _ _A—113 5 g a-l1p3(€ —¢€ 5
Fy (k) = Ul(s) = €87 K sinskly_, = (A7 (—— ) L,

Now applying (@, we derive
/ 55 £(756is(5+€) + 150155+ | p24is(5+0) _ 2eist)
9 (eisf _ 1) (eisé _ 1)2
62(3O€i8(5+2€) _ 3peis(5+20) + 3€ei2s£) 6€3<6i3(5+3€) _ 362‘33Z)
N (eist —1)3 T (eist —1)4 }

/ { 5e—i5s g(75e—is(5+£) + 150~ is(5H0) 4 p2o—is(5+0) — Remist)

Us(s)

2 | (e —1) (e=ist —1)2
62(3067i5(5+2€) — 3pe—ts(5+20) + 36672‘2%) 6£3(67is(5+32) _ 3671'336)
N (e=ist —1)3 + (e=ist —1)4

1
When £ — 0, we get Uy(s) = — (6sinbs — 30s cos 5s + 755 sin 5s — 5s” cos 5s)
s

1 1
and Fy(k3 cosak) = 5 (W(G sin5(s +a) —30(s + a) cos 5(s + a)

+75(s + a)?sin5(s + a) — 5(s + a)3 cos 5(s + a)) +

1
G_a) (6sin5(s — a)

—30(s — a) cos5(s — a) + 75(s — a)?sin5(s — a) — 5(s — a)3 cos 5(s — a))).

In the following example, we analyse the DFT (¢ = 1), GDFT (¢ = 0.5) and FT for the
input signal u(k) = kl@ using MATLAB.

Example 3.11. Take u(k) = kf) for =2 < k < 2. Then from (@, we get
(2)§2)6i25 %(2)?)61‘5(2%) 902 pis(2+26)

F(EY) =U(s) = LA Ptk 2 =4 {

(eisé _ 1) (eisf _ 1)2 (eisf _ 1)3
(—2),&2){1’25 25(_2)?)61'3(72%) 902 pis(—2+20)
o (et —1) (eist —1)2 T (et —1)3

Here we provide MATLAB coding for verification of DFT.
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U(s)=symsum((2-r)*(1-r)*exp(i*2%(2-r)),r,1,4) =(2 % exp(i x 4)./(exp(i x 2) — 1)) —
(4% exp(i*6)./(exp(i*2) —1)."2) + (2% exp(i * 8)./(exp(i * 2) — 1)."3) — (6 x exp(—1 * i *
4)./(exp(i*2) — 1)) — (4 x exp(—1%ix2)./(exp(i*2) —1).2) — (2./(exp(i x 2) — 1)."3)

1
When £ — 0, we get FT as U(s) = 5(832 sin 2s + 8s cos 2s — 48in 2s)
2
and F((ak)?) = %(8(3/(1)2 sin2(s/a) + 8(s/a) cos 2(s/a) — 4sin 2(s/a)).

4 ! J ! 2 ; ! i
: : : A g .| =& —DFT
o e .......... ........... ........ f\ .......... —&3 - GDFT H
g : : £ \\ ; o[ sECkEET
S R e s P N Hmstson: e e _
2 5 : = F' \Lz B
5 : L B el e
B LT ERTITITI ;...;....I.:, ........ : \_:"-— ........... D o
. 3 2 § ! 2
3 2 : . . .7 :
1 3 : : : FE Y 2
- DJ' ......... TSI S -"!,flm .......... Db \\ ......
= 5 : L | E 1 e
= : : i ] . Y M
'] ......... 1 I...: ........... ........ ‘(j'l ................. \ .............. ....... \:]
I I \ i
zcl‘\ ...... :,',I ......... R ff' ........... e x\ ........ i .
Ne o de § e 5 &
TN UR N WO i N 1
\\ i f/ ; N
R, 5 e
AL s i NS \E]f';’ .................. ................................. i ~
5 1 1 i 1 1 |
1 14 2 25 3 3.5 4 4.5 5
g

Conclusion: From the diagram we find that both DFT and FT can be obtained by GDFT.
When the Fourier transform does not exist, we can apply generalized discrete Fourier
transform from the above findings and get several applications in the field of digital signal

process.
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