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ABSTRACT. A dominating set S C V(G) of a graph G is called restrained
dominating set if every vertex in V(G) — S is adjacent to a vertex in S and to a
vertex in V(G) — S. The restrained domination number of G, denoted by ~,.(G),

is the minimum cardinality of a restrained dominating set of G.
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1. INTRODUCTION

By a graph GG, we mean a finite, connected and undirected graph without loops or
multiple edges with vertex set V(G) and edge set E(G). For any vertex v € V(G)
the open neighborhood of v is N(v) = {u € V(G)/uv € E(G)} and the closed
neighborhood of v is N{v] = N(v) U {v}. For any graph theoretic terminology and
notation we refer to Harary [6] and the terms related to domination are used in the
sense of Haynes et al. [8].

The concept of domination in graph is one of the most emerging concepts within
and outside of graph theory.DA set S C V(G) in a graph G is a dominating set if
every vertex of V(G) 175 s adjacent to at least one vertex in S. The minimum
cardinality of dominating set S is called domination number denoted by (G). A
vertex in a graph G dominates itself and its neighbors. A set S C V(G) is a

restrained dominating set if every vertex in V(G) — S is adjacent to a vertex in S
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and to a vertex in V(G) — S. The restrained domination number of G, denoted by
7 (@), is the minimum cardinality of a restrained dominating set of GG. There are
various domination models available in the literature. Some of them are total
domination [3], equitable domination [II], global domination [I3], steiner
domination [I4], independent domination [I] are among worth to mention. The
concept of restrained domination was conceived by Telle and Proskurowski [12] as
a vertex partitioning problem. Some variants of restrained domination are
restrained 2-domination [7], restrained roman domination [9] and trees with equal
domination [4]. The present paper is aimed to explore the concept of restrained
domination in graph. We investigate the restrained domination number of some

path related graphs.

—1
Proposition 1.1. [5] Ifn > 1 is an integer, then v,.(P,) =n — 2 {n 3 J

Proposition 1.2. [2] (P?) = {%-‘, forn > 3.

2n —1
Proposition 1.3. [10] v(T'(P,)) = [ o -‘, forn = 2.

2. MAIN RESULTS

Definition 2.1. Let G be a graph with V(G) = S; U S, US3U ... U S, UT, where

each S; is set of all the vertices of same degree with at least two elements and
T =V(Q) — U S;. The degree splitting of G, denoted by DS(G), is obtained
from G by addlng vertices wy, U}Q,U)?,, ...,w; and joining w; to each vertex of S; for

1 < i < t. Note that if V(G) = USi then T' = ¢.
i=1
We derive the following result for the degree splitting graph of P,.
Theorem 2.2. ~,.(DS(P,)) =2; forn > 4.

Proof. Let P, be a path of order n with vertex set V(P,) = {v1,va, ..., v, }.

In order to obtain DS(P,) from P,(n > 4), we add two vertices u; and uy

corresponding to S; = {vy,v,} and Sy = {vy,vs,...,v, 1} respectively, join u; to
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each vertex of S; and wusy to each vertex of Sy. Then |V(DS(P,))| = n+ 2 and
there does not exist a vertex v € V(DS(P,)) such that d(v) = n + 1. Therefore
v(DS(P,)) > 1 and ~,.(DS(F,)) > 1.

If S C V(DS(F,)) is a dominating set then |S| > 2. As N(u;) = {v1,v,} and
N(ug) = {va,v3, 04, ..., 051} implies S = {uy,us} is the only required dominating
set with minimum cardinality, consequently N[S| = V(DS(P,)) with {uj,us} € S
and {vy, vg,v3,...,v,} € V —S. Also every vertex of V' — S is adjacent to at least

one other vertex of V' — 5.

That is, S is a required restrained dominating set with |S| = 2. Hence

v (DS(P,)) =2; forn > 3. O

Definition 2.3. The switching of a vertex v of G means removing all the edges
incident to v and adding edges joining v to every vertex which is not adjacent to v

in G. We denote the resultant graph by G.

We derive the following result for switching of a pendant vertex in P,.

—~ 3; forn=3
Theorem 2.4. v,.(F,) = )

2; forn>2—{3}
Proof. Let P, be a path of order n with vertex set V(B,) = {vi,vs,...,v,} and
edge set F(P,), where d(v1) =1 =d(v,) and d(vg) = 2; for 2 < k<n—1.

Let ﬁ; be the graph obtained by switching either of the pendant vertices of path

P, with vertex set V(P,) = V(P,). We prove the result by considering following

cases.

Case-1: For n =2
Let V(Py) = {vi,v} and d(v;) = 1 = d(vz). By switching either of the pendant
vertices in P, we obtain two isolated vertices v; and vy so they dominate

themselves.
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If S C V(P,) is a dominating set then {vi,15} € S. As § = V(P) and

V — S = ¢ implies that N[S] = V(P,). That is, S = {v1,ve} is restrained

dominating set with minimum cardinality.
Hence %(E) =2.
Case-2: For n =3

Let V(P3) = {v1,v2,v3} and d(v;) = 1 = d(vs). By switching either of the
pendant vertices in P;, we obtain (/_.P\_g/) = P3. But according to Proposition
Ve (Ps) =7 (P3) =3

Hence %(E) = 3.
Case-3: Forn >4

Let V(P,) = {v1,v2,v3,...,v,}, with d(v;) = 1 = d(v,) and ]‘2 be the graph
obtained by switching of v; or v,. Without loss of generality we switch the vertex

vy. Since |V(P,)| = n and there does not exist a vertex v such that d(v) =n —1

—~

implies that vy(F,) > 1.

In I’Z, d(vy) = n — 2, v; dominates every element of {vs,v4,...,v,} and vy
dominates itself. Therefore v; and vy are enough to dominate all the vertices of
V(ﬁ;) Thus S = {v1,v2} is a dominating set with minimum cardinality. Also
N[S] = V(Fn) as {vs, vy, ...,v,} € V —S. Thus every vertex of V — S is adjacent
to at least one other vertex of V' — S. Therefore S is a restrained dominating set
with |S] = 2.

Hence v(P,) = 2 for n > 4. O
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Definition 2.5. The square of a graph G, denoted by G?, has the same vertex set

as of G and two vertices are adjacent in G2 if they are at distance 1 or 2 apart in G.

We derive the following result for P2.

Theorem 2.6. v,(P?) = {gw n = 3.

Proof. Let vy, vs, ..., v, be the vertices of path P,. Then |V(P2?)| = n.
We divide the proof in following two cases.
Case-1: n=0or 3 or 4 (mod 5)

If S C V(P?) is a dominating set then S = {u; € V(P?); i =0 or 3 or 4(mod5)}
and according to Proposition , S| = {g—‘ Also every vertex of V — S is
adjacent to at least one other vertex of V' — S. Therefore |S| = {g—‘ is the only

restrained dominating set with minimum cardinality.
Hence ~,(P?) = {g—‘ ,forn=0o0r 3 or4 (modb).
Case-2: n =1 or 2(mod 5)

If S C V(P?) is a dominating set then S = S U {v,} where
S" = {u; € V(P?); i=1or 2(mod 5)} and according to Proposition , S| = [g-‘
also every vertex of V — S is adjacent to at least one other vertex of V — S.
Therefore |S| = [%-‘ is the only restrained dominating set with minimum

cardinality.

Hence v, (P?) = {%-‘, for n =1 or 2 (mod 5).
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Definition 2.7. Let G be a graph with two or more vertices then the total graph
T(QG) of graph G is the graph whose vertex set is V(G) U E(G) and two vertices are

adjacent whenever they are either adjacent or incident in G.

We derive the following result for total graph of path.

2n — 1
5

Theorem 2.8. ~,.(T'(P,)) = [ —‘, forn > 2.

Proof. Let P, be a path of order n with vertex set V(P,) = {vy,vs,...,v,} and
edge set E(P,), where d(v1) =1 =d(v,) and d(vg) = 2;1 < k < n. Let T(P,) be a
total graph of path P, whose vertex set is V(T'(P,)) = V(P,) U E(P,) and two
vertices are adjacent whenever they are either adjacent or incident in G, so
\V(T(P,))| =2n — 1 where d(v;) =2 = d(v,) and d(vg) =4, for 1 < k < n.

We divide this proof into two cases as follows.
Case-1: n =0 or 3(mod 5).

If S € V(T(P,)) is a dominating set then S = {v;, € V(T(F,));
2n —1
i = 0 or 3(modb)} and according to Proposition , |S| = [ n5 -‘ Also every

vertex of V' — S is adjacent to at least one other vertex of V — S, so that

2n —1
|S| = [ z —‘ is the only restrained dominating set with minimum cardinality.

2n —1
5)

Hence 7, (T(P,)) = [ 1 ,for n =0 or 3(mod 5).

Case-2: n=1or 2 or 4(mod 5).

If s C V(T( )) is a dominating set then S = S U {v,}, where
={y; € V(T( =1 or 2 or 4(mod5)} and according to Proposition [L.3]

|sr=[

of V.— S, so that |S| = {

—‘ Also every vertex of V' — .S is adjacent to at least one other vertex

2n—1

—‘ is the only restrained dominating set with
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minimum cardinality.

2n —1
Hence 7,.(T(P,)) = { n5 —‘, for n =1 o0r 2 or 4(mod 5). O

3. CONCLUDING REMARKS

There are many variants of dominating sets available in the literature and study
of related parameters is also interesting. The restrained dominating set relates the
vertex set and its complements. We have obtained restrained domination number of
various graphs by means of graph operations on P,. Similar results can be proved

in the context of various domination models and different graph operations.
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