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ABSTRACT. In this work, by introducing the generalized mixed ¢-¢ difference
equation with the product of generalized difference operator A, and the
g-difference operator A,, we derive mixed multi-summation formula and mixed
higher order summation formula for certain functions. Suitable numerical
examples verified by MATLAB are also provided.
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1. INTRODUCTION

The modern theory of differential or integral calculus began in the 17"
century with the works of Newton and Leibnitz |1]. In 1984, Jerzy Popenda [2]
introduced a particular type of difference operator A, defined on wu(k) as
Aqu(k) = u(k + 1) — au(k). In 1989, K.S.Miller and Ross [3] introduced the
discrete analogue of the Riemann-Liouville fractional derivative and proved some
properties of the fractional derivative operator. The general fractional
h-difference Riemann-Liouville operator and its inverse A, " f(¢) were mentioned
in ( [4], |5]). As application of A,”, by taking v = m (positive integer) and h = ¢,
the sum of m* partial sums on n'" powers of arithmetic, arithmetic-geometric
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progressions and products of n consecutive terms of arithmetic progression have
been derived using A, ™u(k), where Aju(k) = u(k + ¢) — u(k) [6].

In 2011, M.Maria Susai Manuel, et al. [7] have extended the definition of
A, to A which is defined as A v(k) = v(k + ¢) — av(k) for the real valued
functioroll(ii(k;), ¢ > 0. In [§, thoé(ez)iuthors have used the generalized a-difference
equation v(k + £) — av(k) = u(k), k € [0,00), £ > 0 is fixed, and obtained a
summation solution in the form

[k/4]

v(k) = A~ u(k) — al?! 0/"1 k—r )(k) =k — .
(k) Aa(e) (k) Aw Z 0), Uk) =k —[k/{L

In 2014, G.Britto Antony Xavier et al. [9] introduced a ¢-difference operator
A,, which is defined as

Ago(k) = v(gk) —v(k), q#1, (1)
and obtained a summation solution of the g-difference equation Alv(k) = u(k),
k € (—o0,00) and g # 1, in the form

Aqtu(k>H': -y (k]"[q ).

( )1~>t

With this background, in this paper, we obtain multi-series solution for the

generalized mixed ¢-¢ difference equation

A A v(k)=u(k), ke0,00), (2)

lisn Qi

where A A 0(k) = Ag, (A (A, (B, (B, (- A (0(8) ) ++).

l1sn Qi

2. PRELIMINARIES

In this section, we present some notations, basic definitions and preliminary
results which will be used for the subsequent discussions. Let u(k) be a real valued
function defined on [0, 00), (k) = k — [k/€;]6;, [k/;] denotes the integer part of

Z%- and m is a positive integer. For simplicity, we use the following notations:

[ } [k rlll} [k*ﬁZl*T2Z2*'“*Ti—1zifl]

my  me me (k] 2

2. 2 @ > =3 > - 2 ;

(h)15¢  h1=0h2=0 ht=0 (r&)1—; rm=0 7m2=0 r;=0
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(i) A0 = AJAJA AL () AT = AJTAZIAZT-ALT and

l1n q1—t
n n
QIthN(k+ Z EJ) qi1k qik (k+ Z ZJ)
(v) AV A~ (k) = . = AP AT (k) L
lsn @1t e~ (G ()4 Y €) Lisn Qe e = V(L (R)+ 3 €)
9 9t J=2 9 J=2

Lemma 2.1. [10] Let s and S} be the Stirling numbers of first and second kinds
n-1 1\ n=l /]
respectively, n€ N(1). If ki =[] (k — iq) and (—) =11 (— - iq), q#0, then

=0 k q =0 k
k(n) — z": ann—rkr ko — i ann—rk(r) and (l) ) — i ann—r(l>r‘ (3)
! r=1 ' 7 r=1 ’ e k q _ " k
Lemma 2.2. [11] Fork € (0,00) and ¢ > 0, we have
k(m+n)
A_nk‘(m) — 4 4
Y4 14 én(m+n)(”) ( )
and A [k/€]
A u(k 4+ 0) = A7 u(l(k) = > u(k = re). (5)
r=0

3. MAIN RESULTS

The purpose of this section is obtaining the sum of mixed g-¢ multi-series by

equating summation and closed form solutions of mixed difference equation .

Theorem 3.1. [Finite mized summation formula] Letq# 0, £ >0, m € N(1)
and u(k) be a real valued function defined on [0,00). Then

e g(k-+0)

S5 = 0

h
r=0 h=0 1 a

is a solution of the mized difference equation AyAyv(k) = u(k).
Proof.  From (1)) and by taking A, v(k) = u(k), we have
v(gk) = u(k) + v(k). (7)
Replacing k by k/q in (7)), we get
v(k) = u<ﬁ> + U(E> (8)
q q

Again replacing k by k/q", h =1,2,--- ,(m—1) in (8) repeatedly and substituting

the resultant expressions in @, we arrive

)+ (D) a(5) + o u(5) = aw - o)
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ie., Zm: u(qﬁh> = A u(gh) — Aqlu(qﬁm). (9)

For r =1,2,3,---,[k/{], replacing k by k — r¢ in (9) and adding all the resultant

expressions, we find that

[k/0 m [k/0] (k/€]

ZZU( ZA u(q(k —rl)) ZA u(k M) (10)

r=1 h=0
Adding @ and ( and applying , we arrive
[k/4)

> hzo u(krty = A;IA; {ulalh +0) = u(l(k) = (u(tt) ~u(2)) },
which completes the proof of the Theorem. O

Theorem 3.2. [Multi mized-summation formula] Let k € [Z?:l l;, oo), q; # 0,

l; > 0 and m is any positive integer. Then equation (@ has a solution of the form

n—1 [k] (
qrrogem (8igr (k- z )+ S )
A A u)["TT 5
£ —mT "~ My
=1 (rf)1-4 o A oot

q1~gqe~(k+ Z Ly)

(%] m k — 21@-@
NPy “(%) = A7 AT u(k)
(rf)1—n (h)1-¢ q;}p 1—n —t

p=1

., (11
7}L1 Nqi"' el(k) Z eJ) ( )
9 t J=2

PR (R zmm > ty)
J=i+2

where A= A=t u(k

l1sn qist

1 1

T q;nt
ok g2k qtk (€z+1(k ZTJKJ)"" > EJ)
— A_l A‘lu J=i+2 .
lisn 1ot o | —r
a9 92 9t

Proof.  Replacing g, m by gz, ms in (@, we get

u(k) —l—u(%) +u(qk;> +...+u<q§u> = A u(gek) — A u(qi{;

). (12)

Again replacing k by l{:/ql1 for hy =1,2,--- ;mq in , we find

k k k k k k
u(Tl) Jru(—h1 ) +u<—h1 2) +--~+u(7h1 mQ) - Aq—;u(q%) - Aq—;u( - mZ).
q; 91" 92 1 92 q1" 92 q1 q1" 42

(13)

Adding and for hy =1,2,--- ,my and applying @, we arrive
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mi1  mo k B _ g2 k
3 8 u(p) = a0ty {utaan) - u(25) )

h1=0 hy=0 q1 4>
k k
o {u(B) -u(m) )
q1 q2 ql 1 qi},lq;nQ ( )

For r =1,2,3,--- | [k/t1], replacing k by k — r1/; in , we find that

Z Z u( - 7‘151) — A;IA;; {u(qlqg(k: —rly)) — u(w)}

h1=0 ho=0 ql q2 1

_ A;llA; {u<w) _ u(%) } ) (15)

1 a4y 49
Adding and E, we obtain
[k/61] m1  mo [k/t1]
— 1l qa (kK —rl
S50 Sty = 3 apag {utwanth - ne) - o ) )
r1=0 h1=0 hy=0 r1=0 T
[k/t]
k—nrl k—rf
-y A { (#%u( h’";f)}. (16)
r1=0 gl 'y
Now, applying (5 in E, we get
[k/01] m1  mo
7”161 _ . - q1~qa~(k+£1)
Z Z Z < ) - AéllAfhlAQQluUf) 1 1 ' <17>
r1=0 h1=0 ho=0 q;m qgtz
Replacing 71,41 by ro, {5 in and repeating the above procedure, we get
AEEY 14 4 i qu~aa~by(k—r1ty)
_r11_7"22 _ _ _ 1~qg2~L2(R—Tr1t1
>y Yyt > An A A k)|
r1=0 ro=0 hy1=0hy=0 r1=0 't a2
q1~q2~(k+L1+£2)
= A;llAgA;llAq—;u(k)’ ’ : (18)

g ~ iy ~(G (k) +£2)
aq a9

Also replacing g1, g2, m1, Mo, h1, ha by ¢, q3, Mo, m3, ho, hz in , and then £k by

k/ qi” for hy = 1,2,--- ,my and so adding all the resultant expressions, we arrive

q q q q A q19 “AT'AT — q24. k
Z Z < 2 > =Aa llA 21 q31u< 1 2Q3]€) qll lJ21 (I31U< qmgl )
1 Q3 /\

h1=0 ho=0 h3=0 1

_iA;A;u(gﬂfm) ZZA u< ,li m3)~ (19)

h1=0 ) h1=0 ho=0 QI QQ qs3
Again using the above steps on as we use to get the equations from to

, we obtain
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[£] 24

(] 2
my M3 rilq — rolsy ' —1-1-1-1 q1~q2~gz~La (k—r1f1)
SRV S I SR (a5 NI
r1=0 r2=0 h1=0ho=0h3=0 4193743 ri=0¢2 91 92 g3 q;n1~qg12~q3
77777 q1~q2~q3~(k+L1+L2)
“AAAAAu(k) L : (20)
b q1 g2 g3 i ~ iy ~ g ~ (€1 (k) +£2)
91 a2 a3

Similarly, replacing k by k/¢" for hy = 1,2,--- ,mq, (t — 3) times in (19) and

repeating the above procedure, we get

ZZA(H‘“)Z( )= BulTTn) B T2

i=1 (h)1; H quqﬁ_l (h)1-¢ H
p=1
Now, replacing k by k — ¢y for r; = 1,2,3,--- ,[k/{;] and applying the above
procedure 'n’ times successively, we get the desired result. O

Remark 3.3. Note that, throughout this paper, to evaluate the expressions
consisting of AZZ_IA;, first apply all the limits in terms of 'q., then operating A;l
and then operating AZI and at last apply limits in terms of 'C,.

Corollary 3.4. Let u(k) = k%, k € [0,00). Then we obtain

[k/01] my ma

_ Tlfl I q1~q2~(k+41)
Z Z Z ( ) - AleA‘hlAq;kQ e~ (£ (k)). (22)
r1=0 hy=0 hy=0 PR
Proof. The proof is trivial by putting t = 2 and n = 1 in ((L1]). 0

The example given below illustrates Corollary [3.4]

Example 3.5. Takingmi; =2,my =1, =6, = 3,920 =4 and k = 10 in (@,

k/G] mi my o N2
we get > i i (—7“}1121> =

r1=0 h1=0 ho=0 qd1 4o

By 1' we find A_lk‘2 =

1 _ 2
> (k—riéﬂ — 138.46604942.
2 ay 4> 2
and so AZTATE? = .
- 1) (¢t — 153 — 1)

%
Also, by using the formula for £™ from (3} ., we obtain

51/€2) + kg)

AATIAE? = A .
" gt = 1)(g3 - 1)

(23)
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Using the notation given in the Preliminaries section and by Remark [3.4], we write

1 A—1A—-=172 qu~ga~(k+L1) 1 1 1,9 a1k g2k |k+Ly
AJAATET T = AAA |
o~ g ~(61 () o | i 11 ()
1 a2 aq aq
1 1 k+£1
O A-LA-1A-17,2 2 2
- Afl Afh qu (@ — q%ml )¢ qgmz)k L

Using in and by applying the limits for k, the above equation becomes

! m m (2) (3)
AzllAq—llA;;kQ ¢h~qz~(k+£1)A _ (qi — 7 1)((]2 p 2) <k N kh > kb,
q{}ll P QN(él(k)) (ql — 1>(q2 — 1) 2 361

= 138.46604942.

Theorem 3.6. [q_{ mized higher order Summation Formula] Let k € [0, 00),
q# 0 and £ > 0. Then the equation AfAlv(k) = u(k) has a solution of the form

[k/ﬂzm: h+t—1\[(r+n—1 (k—r€>
u
=0 h—0 t— 1 n — 1 qh
n—1 /rk A
Vi —(n—1) A _ B g~\L(k)+(n—r—1)¢
+Z([Z] T' ) Ae( )Aqtu<qt lk') 1( )
r=1 ’ ™
t—1
(m _|_ h)(h) _ (—h qt_(h+1)k k+nt
P ST A A >u<—))
; Al L qm 0(k)+(n—1)¢
t—1 n—1 r
B (m + h) ([%] +7)( )A—(n—T)A—(t—h)u gtV oy (k) +(n—r—1)¢
h! r! ¢ q qm
h=1 r=1 ’ )
q~(k+nt)

(24)

A (R +(-1)0)
Proof. From @D, we have

k k k k
u(k +u<—)+u(—>+~-+u<—) = A u(qgk —A’lu(—>. 25
(k) . 7 o g ulgk) — Ay po= (25)
Replacing k by k/¢" for h =1,2,--- /min and then summing all the resultant
expressions with , we arrive

— (h+1 KN _ a—2 (2 o (4k (R
hz_%( . )u(q—h> = A2u(q’k) — A, u(q—m> (m+1)A, u(q—m> (26)
Also replacing k by k — ¢ for r = 1,2,--- | [k/f] in (26]) and then adding all the

resultant expressions with (26)), we arrive
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hi:o (h i 1) [kz/@] u<k;—hr£> = [kz/é] {AqQU(qQ(k‘ —rl)) — Aq%(%)

1 r=0 r=0

—(m+ 1)A;1u(k;m7“€) } . (27)

By (5, (27) becomes
m (h+1 W k:— 4 _ » _
> ( 1 ) S) = arta {u(@k+ 0) - u(@ln) | - 47142

h
h=0 r=0 q

{u<q<’;:f>>—u<q;—ﬁ>}—<m+1>m—l W) () e

which yields

m h+1) [k/) (k;—re) . g~ (k+0) ~ ko [kt
u AAu(gk m+1)A 1A_1u(—>‘A .
hz::()( 1) 5 Uy ulgk) Fhe~() ~ A DS g )
Again replacing k by k — rf for r = 1,2,--- ,[k/{] in (28) and summing all the
resultant expressions, we obtain
m o ha 1\ R 1 k—rl a~(k+2¢)
_— A2A2u(gk
hzt)( 1 ) ,2] < 1 )u< q" ) ulah) L (l(k)+0)
kN (k20 k qi(k)
2 —1 A2
—(m+ DA u(q )‘M) - ([Z] +1) A7 A u(gh) .
k ko (k)
+ (m+ 1)([;} + 1) A;%;W(q—m)‘ : (29)

Replacing k by k/q" for h = 1,2,---  m in (26) and then summing all the resultant

expressions with (26)), we arrive

i (h * 2)“(%) = A %u(g’k) — A u( q2k> — (m+ 1)Aq2u<%>

h=0 \ 2 q

B (m +22)(2)A;1u<ﬁ>_ (30)

Continuing in this way, we obtain

mo(h4+t—1 k t=1 (m + h)(h) —(t—h) qti(thl)/{?
)G B e ()

=0 \ t—1 h=1 qr
t—1
_ (4K
= Au(g'k) — A tu( - ) (31)
And then replacing k by k —rl for r =1,2,--- ,[k/{] in and using the above

procedure with A[l, 'n’ times repeatedly, we get the proof of the theorem. O
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Corollary 3.7. For any bounded real valued function u(k) and q # 0, we obtain

K/ m (h+3\ (r+1\ k-1l A gL (k)
S (30 + e maragan| ]
r=0 h=0 q 7m
3. (m —I— h)(h o —(aeny (@D 2 3. (m + h)(h)
) e
5 L Gt e S RURAL ALY ()
A=(h+1) [ ((K) g~ (k+2¢)
AFLAZEN) (q—)‘ = AZAu(k . 32
¢ By u " ¢ Py u(q’k) (i) 40) (32)
Proof. The proof is obvious by putting ¢t =4 and n = 2 in . O

The following example is a verification of Corollary [3.7]

Example 3.8. Consider u(k) = k(gz),m =2k=15/=8 and g = 5 in .
Then using the procedure in Example we get

q~i(k)
A[lA;‘lu(q?’k‘)’ )

qm

7
@) (ké” . ké?’)> @ =)k
Sl (@2 —-1)4\ 2 30 20(q — 1)* ’

23: (m + k)™ AzA—(4—h)u<q4(h“)k‘> "H% _ ( 3 . 6
e gn iy (> = 1)* * ¢*(¢* — 1)?

10 RSO A 3 6 10 KO
+ ) e 1)~ (o + t o)
(¢ —1)/\ 60 1202 (q—1)3  (¢—=1)2 q(¢g—1)/ 602

15
8. (m + h)® Cam gDy ) iR) 3 6
D QA;%Q “ %(q—)’ - {(( +

i)
=AAH(E - AR = (¢ — ¢P)k)} ‘

Y

= B qm ¢ —1)3  ¢*(¢*— 1)
7
n 10 )(kéz) n ké3)> B ( 3q n 6 n 10 )kf)
(-1)/\2 3 (=102 (¢—10 ql¢—1)/ 2¢
and a1
A2 A ([T [ =) (kég) ki ) - (¢° — )k’
¢ T (k) +0) (2—1)2\ 60 1202 602(q — 1)* ,

Putting these values in and by applying the limits for 'k’, we get

ig (h+3) (r—i— 1) (kgh8r>5 PATA PR

r=0

qNE(k)

qm
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3
(2+h)®
2

h=1

3
k+2¢ 24 )R
SN~ (24h)

) I
i(k)+e — h!

47(h+1)k (2)
AZ2A;(47h)<C] o >

5

g~ (k+2¢0)

Lo~ (ik)+e)

q4—(h+1)k.

7 = 37.6315646.

) 2(k) L
)| =A@y

AZ—IA;(ZL—h) ( )

4. CONCLUSION

In this paper, we have derived multi-series summation formula for mixed ¢-¢
difference equation. Moreover, solution for higher order mixed difference equation
is also obtained. Consequently, relevant examples are being given to verify the

results.
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