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ABSTRACT. In this paper, we introduce generalized m** order difference operator
with variable co-efficient and its inverse by which we obtain higher Fibonacci
sequence and its sum. Some theorems and interesting results on the sum of the
terms ofhigher Fibonacci sequence with variable co-efficients are derived. Suitable
examples are provided to illustrate our results.
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1. INTRODUCTION

In 1984, Jerzy Popenda [5] introduced a particular type of difference operator
on u(k) as Aqu(k) = u(k + 1) — cau(k). In 1989, Miller and Rose [8] introduced the
discrete analogue of the Riemann-Liouville fractional derivative and its inverse
A F(t) (3. ).

In 2011, M.Maria Susai Manuel, et.al, |7] extended the operator A, to
generalized a—difference operator as Ag v(k) = v(k +¥¢) — av(k) for the real valued
function v(k). In 2014, G.Britto AntO(é)(n)y Xavier, et.al, [2] introduced g—difference
operator as A,v(k) = v(gk) —v(k), ¢ € (0,00) and obtained finite series solution to
the corresponding generalized ¢—difference equation Ayv(k) = w(k). With this

backround, in this paper, we obtain advanced Fibonacci sequence and its sum by

introducing n'"-order difference operator with variable co-efficients.
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2. HIGHER ORDER FINONACCI SEQUENCE AND SERIES BY GENERALIZED m'*

ORDER VARIABLE CO-EFFICIENT DIFFERENCE EQUATION

Fibonacci and Lucas numbers cover a wide range of interest in modern
mathematics as they appear in the comprehensive works of Koshy [6] and Vajda
[10]. The k—Fibonacci sequence introduced by Falcon and Plaza [3] depends only
on one integer parameter k£ and is defined as

Fro=0, Fr1=1 and Fyp41 =kFyn+ Fipo1, where n>1 k>1.
In particular, if £ = 2, the Pell sequence is obtained as

FP,=0, P=1 and P, =2P,+PFP, 1 for n>1.

Here we introduce m!*-order generalized difference operator with variable
co-efficients A v(k:) = v(k) — Zn:lcvik”v(k‘ —il), Aa(l) = (k™ k™. ... k™™)

Ao (£ -
which generates hlgher order Fibonacci sequence and its sum.

Definition 2.1. For k € [0, 00), higher order Fibonacci sequence is defined as
Fo=1, Fi=ak™, F,=o[k—(n—1)"F,_1+aslk—(n—=2){|"*F, 5, n>2 (1)
If oy =ay =71y =ry=¢=11n (I, we have the well known Fibonacci sequence.
Example 2.2. (i) Taking k = 7,00 = 10, ag =7, 11 = 3 and ro = 2 in (1), we get
a Fibonacci sequence {1, 490, 193207, 12173560, - - - }

(ii) When k = 9,01 = 0.8, ag = 0.3, 11 = 2 and ry = 4 in (), we have a Fibonacci
sequence {1, 583.2, 238903.02, 65566186.13, - - - }

Similarly, one can obtain higher order Fibonacci sequences corresponding to
each \o(0) = (a1k™, a1k™...a,, k™) € R2.

th

Definition 2.3. A generalized m" order difference operator with variable

co-efficients on v(k), denoted as A wv(k), where Aoy = (a1k™, k™ ..., k™) is
Aa(0)
defined as
A v(k) = kT 0), k.l €0, 2
)\a(e)v = Za v(k —1 [0, 00) (2)

and its inverse is defined as below;

if A v(k)=wu(k), then we write v(k)= A u(k). (3)
Aa(t) Aa(f)
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Lemma 2.4. Let v(k) be a functions of k € (—o0,00). Then we obtain

—1 m o sz
A ask [1 o [ :| — 5k 4
Aa(f) lz:; &lsf ( )
m ikﬁ'
Proof. Taking v(k) = a** in (@), we obtain A a** = a** [1 -3 ! v ] Now (H))
Aa(f) = a’
follows from ({]). O

Corollary 2.5. If m = 3 in lemma[2.]], then we obtained

A a1 - > O;”“e] = o, (5)

i=1
. k 3 aik” .
Proof. Taking u(k) = a* [1 -2 = } in (), we have
— aZS
3. k™
A sk _ sk [1 _ Z‘ :| .
Aa(f) a a ZZZ:I azsﬁ
Now ([)) follows from (3]). O

Corollary 2.6. Let e=** be a function of k € (—o0,00). Then we have

1 m .
A e * [1 - Z aik”e“q = e, (6)
Aa(0) —
Proof. The proof follows by assuming a = e~ ! in (). 0

Corollary 2.7. Let e=** be a function of k € (—o0,0). Then we have

3
-1 .
N [1 - Z ocik”e”q = e, (7)
Aalf) i=1
Proof. The proof follows by assuming m = 3 in corollary 2.6l OJ

Corollary 2.8. Let e** be a function of k € (—o0,00), then we obtained

e sk - alk: _ sk
A =D ] = e (8)

=1

Proof. The proof follows by taking a = ¢** in lemma 24l O
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Corollary 2.9. Let e** be a function of k € (—o0,00), then we obtained

-1 o kT
A esk [1 . 1. Z:| —_ eSk. 9
)\a(z) Z ezs€ ( )

i=1

Proof. The proof follows by taking m = 3 in corollary 2.8l O

Corollary 2.10. Let logk be a function of k > 2¢. Then we have

-1 m
A [logk: — Z a;k"log(k —il)| = logk. (10)
Aalt) i=1

Proof. Taking v(k) = logk in (2), we obtained
A logk = logk — > a;kllog(k — if).
Aa(£) i=1
Now (I0Q) follows from (&)). O

Corollary 2.11. Let logk be a function of k > 2¢. Then we have

-1 3
A [logk =S aikilog(k — it)| = logk. (11)
Aall) i=1
Proof. The proof follows by taking m = 3 in corollary .10l OJ

1
Theorem 2.12. Ifv(k) = A u(k), Fy =1, F) = Fyay k™ and
Aal0)
Foi1 =Y Fu i [k—(n—i)0]"+1, then > Fyu(k—il) = v(k)—Fv(k—(n+1)0)—
i=0 =0

S Fysaisalk — (n— i)+ 0(k — (n+2)0)—

”2 Fo_iaislk—(n—i)l)" 2 v(k—(n+3)0)+...+ Fapm(k—nl) ™ v(k—(n+m)l). (12)

Proof. From (2)) and (), we arrive
v(k) = u(k) + ark™v(k — 0) + aok™v(k — 20) + .. + k" v(k — ml). (13)

Replacing k by k — ¢ and then substituting the value of v(k — ¢) in (I3)), we get
v(k) = u(k) + Fru(k — ) + [Fraq (k — O™ + agk™v(k — 20) + ..+

[From—1(k — )™ + appk™™ Jo(k — ml) + Fro,(k — €)™ v(k — (m+1)¢)  (14)
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which gives
v(k) = w(k) + Fiu(k — €) + Fou(k — 20) + [Frag(k — )™ + azk™v(k — 30) + ..+

[Flam—1(k — )" + a, k"™ |v(k — ml) + Fia,(k— €)™ v(k — (m+1)¢), (15)

where Fy, F} and F; are given in ().
Replacing k by k£ — 2¢ in (I3) and then substituting v(k — 2¢) in (I3]), we obtain
3
v(k) = Fu(k —il) + ... + Foap(k — 20)"v(k — (m + 2)¢),
i=0
where Fj is given in (II). Repeating this process again and again, we get (I6). O
-1
Corollary 2.13. Ifv(k) = A wu(k), Fy =1, F, = Fyark™ and
A (0)
Foi1 = > Fujaip[k—(n—=0)l]"+, then > Fyu(k—il) = v(k)—Fyv(k—(n+1)0)—
i=0 i=0

> Fusioigalk — (n =)0 0(k — (n+ 2)0) + Faas(k —nf)™v(k — (n+3)(). (16)

Proof. The proof follows by taking m = 3 in Theorem .12 OJ

Corollary 2.14. If v(k) is a closed form solution of the m'™ order generalized
difference equation

A v(k) = a®*
Aa(€)

Oélkrl OZQII{ZTQ Oéll{ir3
[1 st g2t g8t }’
then we obtain
ask [1 _ _fan L itigpalk — (n—i)l]"2 Foog(k — nf)m]

as(nt1)¢ o ;) qs(n+2)¢ as(n+3)¢

as@ a23€ o aSsE

— i Fogsk=i0) [1 Ca(b i) ap(k—il)”  ag(k — M)TT , (17)
i=0

Proof. The proof of (I7) follows by taking v(k) = a** and applying @) in (I8). O
The following example is an verification of corollary 2.4l

Example 2.15. Toking k =94 =03n=1,a =5, a; = 0.2, ap = 0.3,a3 = 0.4,
r1 =1 and ro = 3,13 = 4 in (1), we get
1 . .
59 _ F25—2 _ 3F25_5 — Z Fi5(9—0.3i) 1 — 2(7;‘32)1 . 3(7_32)2] — 78077.15136,

56
i=0
where Fy =1, Fy =14, F, =259, F3 = 1190.
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Corollary 2.16. Let e=** be a function of k € (—00,00). Then
1
ek [1 — Fp e ST B o[k — (n— i)+ 4 B ag(k —nl)me® ”+3)£}
i=0

_ ZFe*S i) {1 —an(k —il)" e — an(k — )26 — ay(k — iﬁ)rﬁeW] (18)

Proof. Taking v(k) = e~** and applying (@) in (@), we get ([IS). O

Example 2.17. Toking k=9, (=1, n=3, a1 =08, ap =03, r =3 and s = 2
in (I]E) then we obtained

— Fyeb — (0.3)62Fye* = Z Fie™ [ (0.8)(9 — i)3e — (0.3)(9 — i)2e 2} = —89333078.94
where Fy =1, F; = 583.2, F2 = 238903 02, F5 = 65566186.13 and Fy = 11333348840.

Theorem 2.18. Let t € N(0) . Then a closed form solution of the generalized m'™
order difference equation v(k) — > c;k"iv(k —il) = [kt — > ki (k — M)f} is
=1 =1

w)[ Zazk” —w} Kt (19)

Proof. Taking v(k) = k' in (2)) and using (B]), we get (I9). O

1 m
Corollary 2.19. Ifv(k) = A [k‘t — > apk™(k —pé)t] is the closed form solution
Aa () p=1

given in ({14), then §
v(k) = Fpy1(k— (n+ 1)) — Z Foiqipolk — (n — )] +2(k — (n+2)0)" + ..+

m

Froum (k—nl)™ (k—(n+m)l ZF[ k—il) =" ay(k—pt) [k—(i+p)()']. (20)

Proof. Taking u(k) = k' — Y a,k™(k — pl)" in Theorem 212 we have O
p=1

Example 2.20. Let k=7, /=2, n=3,t=2,r=3,s=4 a1 =5, ap =3 in
Corollary ([2:[9|) Then

ZFu( —2i) = 0(7) — Fyo(—1) — as Fyu(—3) = —5, 026, 731, 585.
where u(k) = kt —ark™(k—0)" — ks (k —20), Fy =1, Fy, = 1715, F, = 1,079,078,
Fy = 148,891,115 and Fy = 1,006,671, 529.
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Corollary 2.21. If v(k) is a closed form solution of m' order difference equation

with variable co-efficients

v(k) = S agkmiv(k —il) = ke — 37 |oik"i(k — z'f)tas(’“’m)] , then we have
i=1

=1

Kta** — F, 1 (k — (n + 1)f)task—(nt1)e Z Fo o[k — (n — )] +2 %
(k = (n+2)0)'a**=*20 4 4 Fam(k — né)’”%k (n 4+ m)0)tas k=m0

= > B[k =it) =Y aylk = p0) [k — (i +p)ffa ] (21)
=0 p=1
Proof. Taking u(k) = kla®* — > [aik”(k — M)tas(k’_’[)} in Theorem and using
i=1
@), we get 211 O

Corollary 2.22. A closed form solution of generalized third odrer difference equation

3
A v(k) =Kt - [aik”(k - iﬁ)zas(k_ie)] is k*a® and hence we have

Aa(€) i=1
1
k2a5k — Fn+1(k‘ — (n + 1)6)2as(k—(n+1)f) _ Z Fn—iai+2[k (n _ Z)g]nﬁ
i=0
(k — (n+ 2)0)2a3*k=0420 4 F o (k — nl)™ (k — (n + 3)0)2a*k—(0+3)0

3

= Z F; [ — i0)2q* k=0 Z ay(k —il)? [k — (p+ i)ﬁ]QaS(k’(p”)e)]. (22)

p=1

Proof. The proof follows by taking m = 3 and ¢t = 2 in Corollary [2.21] O

Example 2.23. Let k=5,(=2,a=3,n=4, a1 =0.02, ap =0.03, r =3, s =2
in Corollary [222)). Then we obtain

v(b) — Fsv(—5) — (0.03) Fyo(—=7) = i Fi[(5— 26)33"2 — (0.02)(5 — 2i)3x

[5— (i + 1)2]23°=0+D2 — (.03)(5 — 253[5 —2(i + 2)]?3°720+2)] = 24,611, 856.47,
where Fy =1, I} =25, I, =2.1, F3=0.717, Fy = 0.04866 and F5 = 0.0477864.

Corollary 2.24. A closed form solution of the second order difference equation

3
v(k) — Y aikTiv(k —il) = kle sk — Z k™ (k — pl)te 3P0 s given by
=0

kte=sk — F i1 (k — (n 4 1)0)te= st (418 Z Fo_ ik — (n — i)l +2x

=0
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(k — (n+2)0)te=k=0420 L B oo (k — b)) (k — (n + 3)0)te=s(k—(0+3)0)

—ZFe s(k—it) [ Z% (p+ )0k — (p+4)fte spﬂ (23)

Proof. Taking a = ¢! in [21]), we get (23). O
-1

Corollary 2.25. Ifv(k) = A [ Z kP (k — pl)est= 8)} is the closed form
0]

solution given in (23), then
1
ke™f — Foi1(k — (n 4+ 1)0)e=s®=0+D0 N B o[k — (n —i)0]7#+2 x
i=0
(k — (n+2)0)e k=420 L B ag(k — nl)™(k — (n + 3)0)esk=(n+3)0)

_ ZF —s(kit) [ Zap (p+ )07 [k — (p+i)e?|.  (24)
Proof. The proof follows by taking ¢ = 1 in Corollory [2.24] OJ

Theorem 2.26. Let v(k) be a solution of the n'"-order difference equation with

variable co- eﬁ?cz’ents
v(k) — Z aik"iv(k —il) = kWa* — Z k™ (k — pl)Mask—r0)

then we have =1

k®a* — F, o (k — [n + 1]0)®gst—+110) Z Fo_ittipolk — (n — i)]"+2x
1=0

n—1
(k—[n+ 2]£)(ﬁq8(k*[n+2]€) — > Fhiaislk — (n—i)l]"i+3(k — [n + 3]€)(t)as(k7[n+3]€)
i=0
tooo + Fpan (b — nl) (k — [n + m]€)®)qsk=lntmit)
= Z FiaS(kfif) |: Z Oép ,Lg rp (Z + p)g)(t)afspZ)] (25)
i=0
Proof. Taking v(k) = k®a** in Theorem and using (), we get 25 O

Corollary 2.27. If v(k) is the closed form solution given of (23), then
1
EDat — By — [0+ 10@a 60400 S F g olk — (0 — i)

=0

(k—(n+ 2)()(2) —s(k—(n+2)0) _ F Las(k—nl)3(k — (n+ 3)5>675(k7(n+3)z)

= z": Fias(k_w) [ (2) Z ap(k— i)k — (i + p)ﬁ](ma—psg] ) (26)
i=0
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Proof. The proof follows by taking m = 3 and ¢t = 2 in Theorem O

Example 2.28. Letk=7,{=2,a=3,n=2, a; =0.04, ay =0.06, r =4, s =3
in Corollary (2.27). Then we obtam
v(7) — Fyv(1) — (0.06)3% Fou(—1) = Z Fi[(7 — 2i)&3F2 —(0.06)(7 — 2i)3

[7—2(i + 1))@3726+) (. 06)(7 22)(2) (7 — 2(i + 2)]?3720+2)] = 84008.0808,
where Fy =1, F; = 96.04, Fy, = 2421.58, F3 = 8566.2192.

Corollary 2.29. Let v(k) be a solution of n'* order diﬁerence equation with variable
co-efficients v(k) — i akv(k —il) =e Sk[ Z k' (k — pl)@erst|
Then we have .
ket — F, o (k — [n+ 1]6)@emstk—ln+1]0) z Fo_iqio[k — (n—a)l]"+2x
(k — (n +2)0)P k=420 _ [ ag(k — nﬁ)””(k (n + 3)0)@e—stk=(n+3)0)

- ZF@‘““ i€ [ Za,, itk (z+p)a<2>epsf]. (27)

Proof. Taking a = e™! in ([227)), we get (21). O

Example 2.30. Let k=6/=021n=2,a=02, a0, =2, a0 =03, r=3, s =2
in Corollary (2.29). Then we obtain

3
v(6) — F3v(5.37) — (0.3)(5.58)2Fyv(5.16) = Z 3[(6 — (0.21)0)®)(0.2)k—(0-21)i

(2)(6 — (0.21)3)3[6 — (0.21)(i + 1)]©® (o 2)0-(021)G+1) _ ( 3)(6 — (0.21)5)?
[6 — (0.21)(i 4 2)]®)36-(0-20)(+2)] = _7 539, 276.7060093,
where Fy =1, Fy =432, F, = 167717.1217 and F3 = 8746152.49.

Conclusion: We obtained summation formula to Higher order Fibonacci sequence
by introducing generalized m' order difference operator with variable co-efficients
and have derived certain results on closed and summation form solution of
generalized m!" order difference equation with variable co-efficients which will be

used to our further research.
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